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CANONICAL QUANTIZATION OF 1+1-DIMENSIONAL YANG-MILLS
THEORY: AN OPERATOR-ALGEBRAIC APPROACH
ARNAUD BROTHIER AND ALEXANDER STOTTMEISTER
Abstract. We present a mathematically rigorous canonical quantization of Yang-Mills theory
in 1+1 dimensions (YM1`1) by operator-algebraic methods. The latter are based on Hamil-
tonian lattice gauge theory and multi-scale analysis via inductive limits of C˚-algebras which
are applicable in arbitrary dimensions. The major step, restricted to one spatial dimension, is
the explicitly construction of the spatially-localized von Neumann algebras of time-zero fields
in the time gauge in representations associated with scaling limits of Gibbs states of the Kogut-
Susskind Hamiltonian. We relate our work to existing results about YM1`1 and its counterpart
in Euclidean quantum field theory (YM2). In particular, we show that the operator-algebraic
approach offers a unifying perspective on results about YM1`1 obtained by Dimock as well as
Driver and Hall, especially regarding the existence of dynamics. Although our constructions
work for non-abelian gauge theory, we obtain the most explicit results in the abelian case by
applying the results of our recent companion article. In view of the latter, we also discuss
relations with the construction of unitary representations of Thompson’s groups by Jones. To
understand the scaling limits arising from our construction, we explain our findings via a rigor-
ous adaptation of the Wilson-Kadanoff renormalization group, which connects our construction
with the multi-scale entanglement renormalization ansatz (MERA). Finally, we discuss potential
generalizations and extensions to higher dimensions (d` 1 ě 3).
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2 ARNAUD BROTHIER AND ALEXANDER STOTTMEISTER
1. Introduction
Quantum gauge theory and more specifically quantum Yang-Mills theory is an essential building
block of the standard model of particle physics encompassing, apart from the Higgs field, all
fundamental interactions. But, despite an enormous amount of work leading to an ever growing
deep understanding of its physical and mathematical structure, a completely rigorous definition
beyond the perturbative regime remains elusive. While the success of the perturbative ap-
proach is based on renormalizability [tHV72] and asymptotic freedom [GW73, Pol73], progress
[DFF`08] in the non-perturbative regime relies on the lattice formulation [Wil74, KS75] and
its amenability to numerical methods. Also the rigorous construction of the theory is easier
to access in the lattice approach compared to a quantization of the classical continuum theory
because (finite) lattices provide ultraviolet (UV) and infrared (IR) cutoffs that render the path
integral (in the Euclidean framework) [OS78, Sei82] or the Hamiltonian (in the time-zero for-
mulation) [BS83, TY85, Bor88] well-defined. In both cases, the construction of the aimed for
continuum quantum theory is relegated to the difficult problem of taking a non-trivial scaling
limit of a lattice model.
To date the Euclidean framework has seen a multitude of remarkable results and constitutes the
most advanced attack on establishing the existence of the continuum limit in dimensions 2, 3
and 4. In two dimension, the results are most complete [BFS79, BFS80, BFS81] (for the Up1q-
Higgs model) and [Fin90, Fin91, Wit91, Dri89, GKS89, Sen93, Sen01, ALM`97, Fle00] (for pure
Yang-Mills fields), and there is still ongoing progress [L03, L08, Le´v11, Ngu15, Dri17, DGHK17].
In three or more dimensions, the situation much more involved and less clear, a famous success
being the proof ultraviolet stability (in finite volume) for pure (non-abelian) quantum Yang-Mills
theory by the renormalization group [Wil75] inspired approaches of Ba laban [Ba l82a, Ba l82b,
Ba l83, Ba l84a, Ba l84b, Ba l85, Ba l87, Ba l88] and Federbush [BF93, Fed86, FW87, Fed87a, Fed88,
Fed90, Fed87b] as well as the continuum approach of Magnen, Rivasseau and Se´ne´or [MRS93].
A related important achievement, is the construction of the 3-dimensional Up1q-Higgs model
by King [Kin86a, Kin86b] based on Ba laban’s methods. The existence of the scaling limit of
pure Up1q Yang-Mills theory (electromagnetic fields) was established by Gross [Gro83] and Dri-
ver [Dri87]. Recently, Dimock [Dim13a, Dim13b, Dim14] has reviewed Ba laban’s approach and
demonstrated its validity beyond gauge theories, namely for Φ43. Other recent work deals with
large N -limits [tH93] as well as weak-coupling asymptotics [Cha19, CJ16, BG18, Cha16, Cha18].
In contrast, the Hamiltonian (or τ -continuum) formulation of lattice gauge theory is mathemat-
ically less well-developed. Notable recent work on an operator-algebraic formulation is due to
Kijowski and Rudolph [KR02, JKR05] and the existence of the thermodynamic limit has been
proved by Rudolph and Grundling [GR13, GR17]. Moreover, there are works on the continuum
theory of pure Yang-Mills fields by Dimock [Dim96] as well as Driver and Hall [DH99] in one
spatial dimension.
This said, we initiate in the present article an analysis of Hamiltonian lattice gauge theory with
the aim of understanding the problem of scaling limits from an operator-algebraic perspective.
To this end, we intend to provide a rather complete analysis of the problem in the case of
1+1 dimensional (pure) Yang-Mills theory to complement the theory’s exhaustive treatment in
the Euclidean framework. Since we construct the model in terms of algebras of localized field
operators in the spirit of [GJ85], we hope to advance the understanding of gauge theories in
the setting of algebraic quantum field theory [HK64, Haa96] beyond the abelian case, see, for
example, [BF82b, BF82a, Buc82, FM83, MS09, LMS03, Hol08, Str13, FR13, BDHS14, BCRV16]
for results about gauge theories (perturbative and non-perturbative). Our method for dealing
with scaling limits is a multi-scale analysis based on well-known inductive-limit techniques from
the theory of operator algebras [KR86, MT03, Bla06] which have been previously considered
in loop quantum gravity models [ST16b], see also for a related approach [ASvS18]. In a wider
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context, it is interesting to note that our results are directly related to recent work on ten-
sor networks, matrix product states and the multi-scale entanglement renormalization ansatz,
see, for example, [BHA`14, BHVA16, DMS16, MO18, Osb19]. In view of our companion arti-
cle [BS19], we point out the connection with Jones’ construction of unitary representations of
Thompson’s groups [Jon17, Jon18a, Jon18b] special to 1+1 dimensions, see also [BJ18]. Build-
ing on the functorial machinery of Jones, we consider groups as well as C˚-algebras instead of
Hilbert spaces as a target category. This leads to (covariant) actions of Thompson’s groups on
the (localized) inductive limit of lattice field C˚-algebras, which can be related to previously
considered unitary representations via the Gel’fand-Naimark-Segal (GNS) construction. The
covariant actions of Thompson’s groups on the localized inductive-limit algebras resembles (in
a discrete way) the action of the orientation preserving diffeomorphisms on conformal nets, see,
for example, [BMT88, GF93, BGL93] and also cp. [OS19, KK18]. The actions in the context of
groups have just been used by one of the authors in a very different context [Bro19].
The article is structured as follows:
In section 2, we present the necessary notions for an operator-algebraic treatment of Hamilton-
ian lattice gauge theory in the time gauge. While section 2.1 explains the basic constructions
on a single (regular) finite lattice in Rd, section 2.2 introduces a multi-scale treatment in terms
of dyadic refinements of a given finite lattice and associated projective and inductive limit con-
structions. Section 2.3 states some general structural results necessary for the following sections.
In section 3, we almost exclusively focus on the case of one spatial dimension. We show how
Jones’ actions of Thompson’s groups appear in this context in section 3.1 and depict useful dual-
ities in section 3.2. Following this, we define specific Gibbs states related to the Kogut-Susskind
Hamiltonian, the heat-kernel and dual heat-kernel states, and analyze their compatibility with
the multi-scale analysis in section 3.3. The structure of the limit von-Neumann algebras of gauge
fields arising from the multi-scale treatment in unison with the limit of said Gibbs states and
the question of dynamics for the field algebras is elucidated in section 3.4. The reduction from
fields to observables is discussed in section 3.5.
In section 4, we review our constructions and results from the perspective of the Wilson-Kadanoff
renormalization group. We argue that renormalization group theory adapted to the operator-
algebraic context provides a clear picture of the multi-scale analysis of section 2.2 and the
compatibility of states discussed in section 3.3. Moreover, we exemplify the notion of scaling
limit and symmetry enhancement by means of the dual heat-kernel states in section 4.1.
In section 5, we discuss some open questions, potential directions for future research, specifically
the connection between 1+1-dimensional Yang-Mills theory and the Op2q-quantum rotor model
as well as extension of the heat-kernel and dual heat-kernel states to higher dimensions.
2. Hamiltonian lattice gauge theory: Kinematics
In the following, G denotes a unimodular, locally compact group that plays the role of the
structure group of classical gauge theory. If G is a Lie group, we will denote its Lie algebra
by g and the dual by g˚. Direct sums,
À
iPI Gi, and direct products,
Ś
jPJ Gj , always carry
their natural topologies, and all maps are continuous, or smooth in the case of Lie groups,
unless stated otherwise. As usual, CpGq are the continuous functions, CbpGq are the bounded
ones, C0pGq are those vanishing at infinity, and CcpGq are those of compact support with their
common locally convex topologies.
Although, we introduce some analogues of classical object, e.g. the phase space of lattice gauge
fields, we focus on the quantum theoretical setup. A notationally similar treatment can be found
in [ST16b] where also the relation with the classical setup and quantization maps is explained,
cp. [KR02, GR13, GR17, ASvS18]. We refrain from (re)stating proofs, but only refer to the
appropriate places in the literature.
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2.1. Basic constructions. Let us recall some basic constructions used in Hamiltonian lattice
gauge theory (cf. [KS75, Kog83, Cre85]) that are required throughout the remainder of the
article. For sake of simplicity, we assume that the spatial manifold is the standard cube, Σ “
r0, Lsd Ă Rd (free boundary conditions) in Euclidean space, or the torus, Σ “ TdL “ Rd{pLZqd
(periodic boundary conditions), of length L ą 0. We work with finite, cubic, axis-aligned,
oriented1 lattices γ Ă Σ X paγZqd, with spacing 0 ă aγ ă L. We use |γ| to refer to the
underlying unoriented lattice of γ. Although, more general formulations w.r.t. a suitable class of
(embedded) oriented graphs γ P Γ Ă Rd are conceivable (cf. [ST16b, LT17]), we only comment
on this possibility at the appropriate instances to keep the presentation more accessible. Clearly,
L is an IR cutoff while the aγ ’s serve as UV cutoffs. To fix notation let us make the following
definition.
Definition 2.1. Given a finite, cubic, axis-aligned, oriented lattice γ Ă Σ X paγZqd, we can
treat it as a d-dimensional cell complex. We denote by V pγq the set of its vertices or 0-cells,
by Epγq the set of its edges or 1-cells, and by F pγq the set of its faces or 2-cells. In accordance
with this identification, we use the standard notation for boundaries, e.g. for an oriented edge
e P Epγq, Be˘ P V pγq are the boundary vertices, where ` refers to the endpoint of e and ´ to
its starting point. Moreover, we will use the notation e´1 to indicate a reversal of orientation.
Next, we define the space of (discrete) gauge-field configurations and the corresponding gauge
group associated with a lattice γ P Σ. The former is modeled as the collection of G-valued
parallel transports or holonomies along the edges, e P Epγq, while the latter induces changes of
reference points in the thought-of affine G-fibres over the vertices, v P V pγq.
Definition 2.2. For γ as above, put Gv “ Ge “ G for v P V pγq, e P Epγq. We call the direct
products,
A
Epγq “
ą
ePEpγq
Ge, G
V pγq “
ą
vPV pγq
Gv,
its space of gauge-field configurations2 and its group of gauge transformations respectively. As-
sociated with these objects, we have left and right multiplications,
Lpγq : GEpγq ˆA Epγq ÝÑ A Epγq,
Rpγq : GEpγq ˆA Epγq ÝÑ A Epγq,
and the action of the gauge group,
τ pγq : GV pγq ˆA Epγq ÝÑ A Epγq,
ptgvuvPV pγq, tgeuePEpγqq ÞÝÑ tgBe`geg´1Be´uePEpγq.
Since we work in a Hamiltonian setting, we need to extend the space of gauge-field configurations
by a suitable set of conjugate momenta. This is achieved in terms of either the left Lpγq or the
right Rpγq multiplications, which arise naturally in this context (cf. [Cre85], also [ST16b] where
similar notations are used and a classical-quantum correspondence is given). Strictly speaking,
it is more common to invoke infinitesimal versions of Lpγq or Rpγq, which is possible if G is a
locally compact Lie group making the cotangent bundle3 T ˚A Epγq – pG ˆ g˚qEpγq a suitable
candidate for the extension in that case. But, it turns out that this is largely unnecessary for
1The directions of next-neighbor links are assumed to be fixed.
2We use the symbol A Epγq to denote the space of gauge-field configuration in accordance with common notation
for connections in principal bundles. Moreover, we emphasize in this way that A Epγq has only an affine group
structure.
3The isomorphism works either by left or right translation depending on the choice for the momenta.
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the quantum theory, and we work with the integrated form GEpγq ˆA Epγq. The left and right
multiplications satisfy a simple equivariance relation w.r.t. the gauge action,
τ
pγq
tgvuvPV pγq
pLpγqtheuePEpγqptgeuePEpγqqq “ L
pγq
tαgBe`pheq
uePEpγq
pτtgvuvPV pγqptgeuePEpγqqq,(2.1)
τ
pγq
tgvuvPV pγq
pRpγqtheuePEpγqptgeuePEpγqqq “ R
pγq
tαgBe´pheq
uePEpγq
pτtgvuvPV pγqptgeuePEpγqqq,
where tgvuvPV pγq P GV pγq, tgeuePEpγq P A Epγq, theuePEpγq P GEpγq, and α : G ˆ G Ñ G is the
conjugation. Utilizing this observation, we define the (integrated) form of the phase space of
gauge fields.
Definition 2.3. Given γ as before with Ge “ G for e P Epγq, we call the direct product,
ΠEpγq “
ą
ePEpγq
Ge ˆGelooomooon
“Πe
“ GEpγq ˆA Epγq,
together with action of the first on the second factor by Lpγq or Rpγq its phase space of gauge
fields. Depending on the choice of left or right multiplication, we define lifts of the action τ pγq
of the gauge group GV pγq to ΠEpγq according to (2.1):
τ˜
pγq
L{R : G
V pγq ˆΠEpγq ÝÑ ΠEpγq,
ptgvuvPV pγq, tphe, gequePEpγqq ÞÝÑ ptαgBe˘ pheq, gBe`geg
´1
Be´
uePEpγqq.
Additionally, we denote the restriction of τ˜
pγq
L{R to the first factor of Π
Epγq by α
pγq
B˘
.
In the terminology of [Wil07], pΠEpγq, Lpγqq is a locally compact (left) transformation group.
Since left, Lpγq, and right, Rpγq, multiplications are equivalent via conjugation, α, and inversion,
p . q´1, we work with pΠEpγq, Lpγqq in the remainder of the article – unless explicitly stated
otherwise. Therefore, we drop the reference to Lpγq in the following. Given the transformation
group ΠEpγq, we may consider its associated C˚-dynamical system,
pC0pA Epγqq, GEpγq, pLpγqp . q´1q˚q,(2.2)
consisting of the C˚-algebra C0pA Epγqq (equipped with the || . ||8-norm) and pLpγqp . q´1q˚q is
the strongly continuous representation of GEpγq into the automorphism group of the former
via pullback of the left multiplication. The C˚-dynamical system for the pullback of the right
multiplication is denoted analogously. There is a natural covariant representation, pM pγq, λpγqq,
of (2.2) via the point-wise multiplication,
M pγq : C0pA Epγqq ÝÑ BpL2pA Epγqqq,(2.3)
and the (unitary) left regular representation
λpγq : GEpγq ÝÑ UpL2pA Epγqqq.(2.4)
Here, L2pA Epγqq is defined w.r.t. a choice of invariant Haar measure, mG, on G and its product
extension, m
pγq
G , to G
ˆ|Epγq|. Generically, it is not possible to replace C0pA Epγqq by CbpA Epγqq
in (2.2) because the map GEpγq Ñ AutpCbpA Epγqqq might not be continuous [dV77].
Comparing the C˚-dynamical systems associated with two lattices, γ, γ1, that agree up to ori-
entation, we make the following definition that reflects the natural behavior of holonomies in
principal fibre bundles.
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Definition 2.4. Consider two edges, e P Epγq, e1 P Epγ1q, such that e1 “ e´1. We identify
Ge, Ge1 via the group inversion,
p . q´1 : Ge “ G ÝÑ G “ Ge1 ,
g ÞÝÑ g´1,
i.e. ge1 “ ge´1 “ g´1e . We extend this to a homeomorphism,
ι
γ
γ1 : A
Epγq ÝÑ A Epγ1q,
for |γ| “ |γ1| in the obvious way.
This implies the elementary observation [ST16b]:
Proposition 2.5. Given e, e1 as in the previous definition 2.4. Then, we have an isomorphism
of transformation groups,
pΠe1 , Lpte
1uq
p . q
q “ pΠe, Rpteuqp . q´1q,
as well as of C˚-dynamical systems:
pC0pGe1q, Ge1 , pLpe
1q
p . q´1
q˚q – pC0pGeq, Ge, pRpeqp . qq˚q,
where we consider the edges e, e1 as lattices by themselves.
It is important to note that the actions L˚p . q´1 and R
˚
p . q are in general not identical even for
abelian groups G because of the inversion.
Next, we introduce the kinematical algebras of time-zero gauge fields over finite lattices.
Definition 2.6. The C˚-algebra BpL2pA Epγqqq is called the algebra of time-zero gauge fields,
or shortly the field algebra, over γ Ă Σ.
Clearly, for a Lie group G, the covariance relations,
M pγqppLpγq
h´1
q˚fq “ λpγqh M pγqpfqλpγqh´1 , f P C0pA Epγqq, h P GEpγq(2.5)
resembles the integrated form of the canonical commutation relations corresponding to the nat-
ural symplectic structure on T ˚A Epγq.
Given a field algebra, BpL2pA Epγqqq, the (strictly continuous) unitary representation,
Uτ pγq : G
V pγq ÝÑ UpL2pA Epγqqq,(2.6)
induced by the action, τ pγq, lifts to a ˚-automorphic action on the field algebra by
AdU
τpγq
: GV pγq ÝÑ AutpBpL2pA Epγqqqq.(2.7)
Thus, a natural definition of the action of the gauge group on the kinematical algebras is:
Definition 2.7. The ˚-automorphic action (2.7) is called the action of the gauge group, GV pγq,
on the field algebra, BpL2pA Epγqqq.
We note, that (2.7) implements the lifted action, τ˜ pγq, associated with ΠEpγq in the sense of the
following covariance relations:
AdU
τpγq
pgqpM pγqpfqq “Mpτ pγqpg´1q˚fq,
AdU
τpγq
pgqpλpγqh q “ λpγqαpγq
B`pgq
phq
“ Ad
λ
pγq
tgBe˘
uePEpγq
pλpγqh q,
where f P C0pA Epγqq, g P GV pγq, and h P GEpγq.
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An especially versatile parametrization of a weakly dense ˚-subalgebra of the field algebra is
given in terms of CcpΠEpγqq Ă CcpGEpγq, C0pA Epγqqq viewed as a subalgebra of (left) convolu-
tion operators [Wil07] of the transformation group C˚-algebra (2.2):
λpγqpF q “
ż
GEpγq
dhM pγqpF phqqλpγqh F P CcpΠEpγqq,(2.8)
where dh is a short-hand notation for dm
pγq
G phq. For obvious reasons, we call F the convolution
kernel of λpγqpF q. The action of the gauge group becomes especially transparent on convolution
kernels:
AdU
τpγq
pgqpλpγqpF qq “ λpγqpτ˜ pγqL pg´1q˚F q.(2.9)
Denoting by δh P C 1bpGEpγqq the delta distribution at h P GEpγq, we infer that the basic field
operators given by (2.3) & (2.4) are obtained, in the sense of distributions, from convolution
kernels in C 1bpGEpγqqbCbpA Epγqq, where we refrain from specifying a completion of the algebraic
tensor product for simplicity.
λpγqpδ1 b fq “M pγqpfq,(2.10)
λpγqpδh b 1q “ λpγqh ,
where f P C0pA Epγqq. These equalities have a rigorous interpretation in the sense of zeroth-
order pseudo-differential operators on L2pA Epγqq (cf. [RT09, ST16a]).
We conclude this subsection with an extended comment relating our choice of field algebra
to existing ones in the literature.
Remark 2.8. Starting from the transformation group ΠEpγq, there is another natural choice of
C˚-algebra to embody the covariance condition (2.5): the C˚-crossed product or transformation
group C˚-algebra of Gˆ|Epγq|,
C0pA Epγqq ¸pLpγq
p . q´1
q˚
GEpγq.(2.11)
The latter is naturally isomorphic to the algebra of compact operators, KpL2pA Epγqqq, via the
integrated form of the covariant representation pM pγq, λpγqq (cf. [Wil07]). Thus, the algebra
BpL2pA Epγqqq is the multiplier algebra of the former (in the C˚-context, cf. [Wil07]), but it
also corresponds to the double dual or, similarly, to the von Neumann closure [BR87]. Now,
KpL2pA Epγqqq has been chosen as the field algebra in other recent operator-algebraic treatments
of lattice gauge gauge theory [JKR05, GR13, ASvS18] because of its regular representation
theory. But in another article by one of the authors [ST16b], it has already been argued for
the need to unitaly extend this algebra to obtain a coherent Weyl-quantization w.r.t. a certain
class of lattices. Another related point of view in favor of extending KpL2pA Epγqqq due to
renormalization group considerations is discussed in section 4. Concerning the representation
theory of the field algebra, BpL2pA Epγqqq, we note that, as long as we are dealing with strictly
continuous (or normal) states, no essential difference arises because of duality. In a certain
sense [Bla06], BpL2pA Epγqqq resembles a maximal choice for the field algebra of γ Ă Σ, and it
has the major advantage of being unital over KpL2pA Epγqqq which makes various constructions,
e.g. infinite tensor products, simpler to handle (cf. [GR13]). Moreover, since, in the course of the
article, we provide the field algebra for each γ Ă Σ with a normal state ωpγq and consider its weak
closure in the induced Gel’fand-Naimark-Segal (GNS) representation, the choice of field algebra
will not be essential, if it at least contains a weakly dense subset for BpL2pA Epγqqq. Notably, the
same maximal choice of field algebra has be advocated for in the more recent article [GR17] as
compared to [GR13] to allow for the definition of dynamics of the Kogut-Susskind Hamiltonian
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(composition)
(deletion)
Figure 1. Illustration of the two basic coarsening operations on lattices in di-
mension d “ 2.
in the thermodynamic limit w.r.t. the strong-coupling vacuum representation, cf. remark 2.33
and the discussion following (3.16) below.
2.2. Multi-scale analysis and inductive limits. We now discuss how to relate the field
algebras, BpL2pA Epγqqq, in the sense of multi-scale analysis w.r.t. a directed set of lattices, ΓD,L,
constructed from dyadic refinements of the basic unoriented lattice |γ0| “ Σ X pLZqd. Here, D
denotes the set of dyadic rationals in r0, 1q (if necessary we include 1 in D for convenience).
2.2.1. The dyadic scale of lattices.
Definition 2.9. The dyadic sequence of unoriented lattices |ΓD,L| is given by the collection of
unoriented lattices:
|γN | “ ΣX p2´NLZqd, N P N0.(2.12)
The set ΓD,L consist of those lattices that are oriented versions of those in |ΓD,L|, i.e. γ P ΓD,L
iff |γ| P |ΓD,L|. We call ΓD,L the dyadic scale of lattices, and N the level of γ if |γ| “ |γN |.
|ΓD,L| is ordered according to decreasing spacing aγN “ 2´NL ą 2´N
1
L “ aγN1 for N ă N 1. This
ordering agrees with the subset relation, |γN | Ă |γN 1 |, that results from the operations of deleting,
composing, and inverting edges of a lattice, γN 1 , to arrive at a coarser lattice, γN . The elementary
operations required for our considerations are made precise in the next definition. Although, a
more general treatment is possible, we only refer to the literature [Bae96, LT16, ST16b] in this
respect, as it is unnecessary below.
Definition 2.10. Given a lattice γ1 Ă Σ, the composition, e “ e12 ˝e11, of two edges e11, e12 P Epγq
is defined if B`e11 “ B´e12 (or B`e12 “ B´e11) in V pγq. The resulting edge, e, is given by the
concatenation of e11 and e
1
2 along their common vertex. The orientation of e is that induced by
e11 and e
1
2. Thus, we obtain a new lattice γ from γ
1 by replacing the subset te11, e12u Ă Epγ1q by
teu.
Obviously, the deletion of an edge, e1 P Epγ1q, is given by removing it from γ1. The new lattice
γ has the set of edges Epγq “ Epγ1qzte1u.
Furthermore, we agree that any vertex, v P V pγ1q, that is not a boundary of a (non-trivial) edge
is removed to arrive at V pγq.
We introduce two partial orders on ΓD,L that reflect the ambiguity due to the notion of left and
right multiplications on G as well as their equivalence via inversion and conjugation (cf. [LT16,
ST16b]).
CANONICAL QUANTIZATION OF YANG-MILLS THEORY 9
ĄL ĂR
Figure 2. Illustration of the partial orders ĂL and ĂR for the elementary edge
composition.
Scale
0 L
ĂL{R ĂL{R
ĂL{R ĂL{R
ĂL{R ĂL{R
Figure 3. Three elements, γ0 ĂL{R γ1 ĂL{R γ2, of the partially ordered set of
lattices, pΓD,L,ĂL{Rq, in dimensions d “ 1, 2, 3.
Definition 2.11. Given the set ΓD,L, we define two relations ĂL and ĂR. For γ, γ1 P ΓD,L, we
say
(a) γ ĂL γ1 if |γ| Ă |γ1| and
@e P Epγq : Dn P N0, e1 Y te1kunk“1 Ă Epγ1q, tskunk“1 Ă t˘1uˆn : e “ e1 ˝ pe11qs1 ˝ ... ˝ pe1nqsn .
(b) γ ĂR γ1 if |γ| Ă |γ1| and
@e P Epγq : Dn P N0, e1 Y te1kunk“1 Ă Epγ1q, tskunk“1 Ă t˘1uˆn : e “ pe11qs1 ˝ ... ˝ pe1nqsn ˝ e1.
It follows immediately from the definition of ĂL{R that we have:
Proposition 2.12. The relations ĂL and ĂR turn ΓD,L into a directed set.
Definition 2.11 is motivated by the geometrical intuition that A Epγq represents the collection
of possible G-valued holonomies along the edges e P Epγq of a lattice γ: for γN ĂL{R γN 1 , the
holonomies of γN are obtained from those of γN 1 by inducing the orientation from the edge
at final vertex or at the initial vertex, e.g. for e “ e2 ˝ e´11 , we have either e ĂL te1, e2u or
e ĂR te´11 , e´12 u (cp. figure 2).
Remark 2.13. It is helpful to note that pΓD,L,ĂL{Rq contains the cofinal sequence tγNuNPN0 ,
that is inductively constructed in the following way:
(1) For N “ 0, choose any γ such that |γ| “ |γ0|, and put γ0 “ γ. For example, choose the
orientation of γ according to the canonical positive orientation of Rd.
(2) Let us assume, we have constructed the sequence up to N . Firstly, we decompose all
e P γN as e “ e12 ˝ pe11q´1 (in case of ĂL) or e “ pe12q´1 ˝ e11 (in case of ĂR) such
that |e12|, |e11| are unoriented edges of |γN`1|. Secondly, we add edges e1 (with arbitrary
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ĂL ĂL
ĂR ĂR
Figure 4. Construction of a cofinal sequence, tγNuNPN0 , for ĂL and ĂR in
dimension d “ 2.
orientation) corresponding to unoriented edges |e1| of |γN`1| that were not obtained in
the first step. The resulting oriented lattice γN`1 is of the required form.
In the following, we primarily work with the directed set pΓD,L,ĂLq as it fits naturally with
our choice of transformation group pΠEpγq, Lpγqq. Therefore, we drop the reference to ĂL unless
necessary to avoid confusion.
In line with our interpretation of the family of transformation groups tΠEpγquγPΓD,L as phase
spaces of gauge fields, we introduce inductive and projective systems on tA EpγquγPΓD,L re-
spectively tGEpγquγPΓD,L that yield an inductive system of unital, injective ˚-morphisms (see
proposition 2.20),
ς
γ
γ1 : C
1
bpGEpγqq bCbpA Epγqq ÝÑ C 1bpGEpγ
1qq b CbpA Epγ1qq, γ ĂL γ1,(2.13)
on the family of spaces of convolution kernels. To this end, we define projections and injections
corresponding to the elementary operations on lattices (see definition 2.10).
Definition 2.14. Consider a lattice γ and two edges, e1, e2 P Epγq, with B`e1 “ B´e2. Given
the composition e “ e2 ˝ e1, we define a projection via group multiplication,
p
te1,e2u
teu : Ge2 ˆGe1 ÝÑ Ge,
pge2 , ge1q ÞÝÑ ge “ ge2ge1 ,
and an injection via trivial extension,
j
teu
te1,e2u
: Ge ÝÑ Ge2 ˆGe1 ,
he ÞÝÑ phe2 , he1q “ phe, 1Gq.
Corresponding to the deletion of an edge, e P Epγq, we define a projection to the trivial group,
p
teu
H : Ge ÝÑ t1u,
ge ÞÝÑ 1,
and an injection of the trivial group,
j
H
teu : t1u ÝÑ Ge,
1 ÞÝÑ he “ 1G.
As noted above, we can generate any γ P ΓD,L from some γ1 ĄL γ via a sequence consisting of
the elementary operations of edge composition, edge deletion, and edge inversion (cp. definition
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2.4 for the latter). Thus, because of associativity of group multiplication and projection in direct
products, we have (cp. [ST16b]):
Proposition 2.15. Given two lattices γ, γ1 P ΓD,L such that γ ĂL γ1, there is a unique projec-
tion,
pγ
1
γ : A
Epγ1q ÝÑ A Epγq,
composed out of a sequence of the elementary projections of definitions 2.14 and 2.4. Three
projections pγ
1
γ , p
γ2
γ1 , p
γ2
γ satisfy the transitivity condition,
pγ
2
γ “ pγ
2
γ1 ˝ pγ
1
γ ,
if γ ĂL γ1 ĂL γ2. Furthermore, there is a unique injection,
j
γ
γ1 : G
Epγq ÝÑ GEpγ1q,
composed out of a sequence of the elementary injections of definitions 2.14 and 2.4. Three
injections jγγ1 , j
γ1
γ2 , j
γ
γ2 satisfy the transitivity condition,
j
γ
γ2 “ jγ
1
γ2 ˝ jγγ1 ,
if γ ĂL γ1 ĂL γ2.
As an immediate consequence, we deduce (cp. [Thi08, ST16b, BS19], also [TSH`98, HSTH01]):
Corollary 2.16. ttA EpγquγPΓD,L , tpγ
1
γ uγĂLγ1u is a projective system of topological spaces, and
we have projective limit:
limÐÝ
γPΓD,L
A
Epγq “ A .
Moreover, ttGEpγquγPΓD,L , tjγγ1uγĂLγ1u is an inductive system of topological groups, and we have
an inductive limit:
limÝÑ
γPΓD,L
GEpγq “ G,
together with an action,
L : G ÝÑ HomeopA q.
The action, L, of the previous corollary is characterized by actions at finite level because ΓD,L
is directed [BS19]:
pLhpgqqγ “ pγ
2
γ pLjγ1
γ2
phγ1 q
pgγ2qq, γ ĂL γ2 ĄL γ1(2.14)
for g P A , h P G. Here, gγ “ pγpgq is an abbreviation involving the canonical projection
pγ : A Ñ A Epγq, and h “ jγ1phγ1q for the canonical injection jγ : GEpγq Ñ G.
See [BS19, Section 2] for explicit descriptions of the limits G,A and L.
The definition of the inductive and projective systems is motivated by their compatibility
w.r.t. the distinction of configuration and momentum variables captured by the transforma-
tion groups, tΠEpγquγPΓD,L(cf. [ST16b] for further details):
Corollary 2.17. Given two lattices as in definition 2.14, their transformation groups, ΠEpγq,ΠEpγ
1q,
satisfy the identities,
pγ
1
γ pLjγ
γ1
phqpgqq “ Lhppγ
1
γ pgqq,
where ph, pγ1γ pgqq P ΠEpγq and pjγγ1phq, gq P ΠEpγ
1q.
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We also have a projective system on the family of gauge groups, tGV pγquγPΓD,L , that is com-
patible with the inductive and projective systems on tA EpγquγPΓD,L respectively tGEpγquγPΓD,L
(cf. [Thi08, ST16b]).
Proposition 2.18. Given two lattices, γ ĂL γ1, we consider the projection,
qγ
1
γ : G
V pγ1q ÝÑ GV pγq,
tgv1uv1PV pγ1q ÞÝÑ tgv1uv1PV pγq,
by restriction of the set of vertices V pγq Ă V pγ1q. Then, we have a projective system,
ttGV pγquγPΓD,L , tqγγ1uγĂLγ1u, of topological groups and a projective limit:
limÐÝ
γPΓD,L
GV pγq “ G,
together with a (continuous) action,
τ : G ÝÑ HomeopA q.
The action, τ , of the previous proposition is characterized by:
τpg1qpgqγ “ τ pγqpg1γqpgγq,(2.15)
for g P A , g1 P G. Here, gγ “ pγpgq as before, and g1γ “ qγpg1q is an abbreviation involving the
canonical projection qγ : G Ñ GV pγq. Moreover, we have the following compatibility with the
family of transformation groups, tΠEpγquγPΓD,L , in view of corollary 2.17:
Corollary 2.19. Given two lattices as in definition 2.14, the action of the gauge groups,
GV pγq, GV pγ
1q, on the respective transformation groups, ΠEpγq,ΠEpγ
1q, satisfy the identities,
τ pγqpqγ1γ pg1qqppγ
1
γ pLjγ
γ1
phqpgqqq “ Lαpγq
B`pq
γ1
γ pg
1qq
phq
ppγ1γ pτ pγ
1qpg1qpgqqq,
where ph, pγ1γ pg1qq P ΠEpγq, pjγγ1phq, g1q P ΠEpγ
1q, and g1 P GV pγ1q.
2.2.2. The dyadic scale of field algebras. Combining the inductive and projective systems from
proposition 2.15, corollary 2.15, and using corollary 2.17, we obtain the inductive system (2.13)
of unital, injective ˚-morphisms:
Proposition 2.20. Given two lattices γ, γ1 P ΓD,L such that γ ĂL γ1, there is a unique unital,
injective ˚-morphism,
ς
γ
γ1 : C
1
bpGEpγqq b CbpA Epγqq ÝÑ C 1bpGEpγ
1qq bCbpA Epγ1qq, γ ĂL γ1,
defined by:
λpγ
1qpςγγ1pF qq “
ż
GEpγq
dhM pγ
1qpppγ1γ q˚pF phqqqλpγ
1q
j
γ
γ1
phq
F P CcpΠEpγqq.
As a consequence of the corresponding properties of the injections and projections of proposition
2.15, three morphisms ςγγ1 , ς
γ1
γ2 , ς
γ
γ2 satisfy the transitivity condition,
ς
γ
γ2 “ ςγ
1
γ2 ˝ ςγγ1 ,
if γ ĂL γ1 ĂL γ2.
From corollary 2.19 we infer the compatibility with the action of the projective system of gauge
groups.
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Corollary 2.21. Given two lattices as in previous proposition 2.20, we have the identities,
τ˜
pγ1q
L pg´1q˚ςγγ1pF q “ ςγγ1pτ˜
pγ1q
L pqγ
1
γ pgq´1q˚F q,
where F P C 1bpGq b CbpGq and g P GV pγ
1q.
Now, we generalize the maps tςγγ1uγ,γ1PΓD,L to a family of unital, injective ˚-morphism among
the field algebras,
α
γ
γ1 : BpL2pA Epγqqq ÝÑ BpL2pA Epγ
1qqq, γ ĂL γ1.(2.16)
For this purpose, we notice that the elementary injections and projections of definition 2.14 lead
to the following ˚-morphisms on the level of convolution kernels (cf. [ST16b]):
α
teu
te1,e2u
pλpteuqpF qq “ λpte1,e2uqpςteute1,e2upF qq “ ULpλ
pte2uqpF q b 1e1qU˚L ,(2.17)
α
te2u
te1,e2u
pλpte2uqpF qq “ λpte1,e2uqpςte2ute1,e2upF qq “ λ
pte2uqpF q b 1e1 ,
where F P C 1bpGq b CbpGq. The unitary UL P UpL2pGe2 ˆGe1qq is defined by4:
pULψqpge2 , ge1q “ ψpge2ge1 , ge1q, ψ P CcpGe2 ˆGe1q.(2.18)
By duality, the ˚-morphisms (2.17) represent refining operations w.r.t. the directed set of lattices,
ΓD,L. The reversal of the orientation of an edge as implemented in definition 2.4 leads to the
elementary ˚-morphism (cp. also proposition 2.5):
α
teu
te´1u
pλpteuqpF qq “ λpte´1uqpςteu
te´1u
pF qq “ UιλteupF qU˚ι ,(2.19)
where F P C 1bpGq b CbpGq. The unitary Uι P UpL2pGeqq is defined by:
pUιφqpgeq “ φpg´1e q, φ P CcpGeq.(2.20)
Remark 2.22. It is interesting to note that the unitary UL is directly related to the multiplica-
tive unitary, W , typically invoked in the context of quantum groups[KV00]:
∆ˆpλpfqq “W ˚pλpfq b 1qW “ λb2pU˚L pδ1 b fqq,
where ∆ˆ is the coproduct of the reduced group C˚-algebra, C˚λpGq.
In analogy with proposition 2.15, we find:
Proposition 2.23. Given two lattices γ, γ1 P ΓD,L such that γ ĂL γ1, there is a unique unital,
injective ˚-morphism,
α
γ
γ1 : BpL2pA Epγqqq ÝÑ BpL2pA Epγ
1qqq, γ ĂL γ1,
composed out of a sequence of elementary morphisms given in equations (2.17) & (2.19). As
a consequence of the corresponding properties of the morphisms of proposition 2.20, three mor-
phisms αγγ1 , α
γ1
γ2 , α
γ
γ2 satisfy the transitivity condition,
α
γ
γ2 “ αγ
1
γ2 ˝ αγγ1 ,
if γ ĂL γ1 ĂL γ2.
Using corollary 2.21 and equation (2.9), we deduce the compatibility with the action of the
projective system of gauge groups.
4There is a corresponding unitary, UR, for the relation ĂR defined by
pURψqpge2 , ge1q “ ψpge1 , ge2ge1q, ψ P CcpGe2 ˆGe1q.
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Corollary 2.24. Given two lattices as in previous proposition 2.23, we have the identities,
AdU
τpγ
1qpgq
pαγγ1paqq “ αγγ1pAdU
τpγq
pqγ
1
γ pgqq
paqq,
where a P BpL2pA Epγqqq and g P GV pγ1q.
Now, standard results [KR86, EK98] concerning inductive limits of C˚-algebras provide us with
a limit of the multi-scale family of field algebras, tBpL2pA EpγqqquγPΓD,L .
Corollary 2.25. ttBpL2pA EpγqqquγPΓD,L , tαγγ1uγĂLγ1u is a directed system of C˚-algebras, and
we have an inductive limit:
limÝÑ
γPΓD,L
BpL2pA Epγqqq “ AD,L.
Moreover, the compatibility with the action by the projective system of gauge groups, tGV pγquγPΓD,L ,
given in corollary 2.24 leads to an automorphic action,
ατ : G ÝÑ AutpAD,Lq.
In analogy with [Jon18a], we call AD,L the semi-continuum field algebra. This terminology is
justified by the fact that the latter is associated with dyadic standard cube (or torus), pLDqd,
of scale L ą 0. Thus, as pLDqd is a dense subset of Σ, continuous gauge-field configurations,
Φ P CpΣ, Gq, are uniquely defined by their restrictions ΦD,L “ Φ|pLDqd .
2.3. Further structure. We conclude this section on general operator-algebraic constructions
for lattice gauge theory by providing some structural results of the semi-continuum field algebra,
AD,L, that are of particular relevance for the other sections below.
2.3.1. Locality structure of the semi-continuum field algebra. A interesting observation concern-
ing the elementary refining operations (2.17) and the edge inversion (2.19) is that these provide
the semi-continuum field algebra, AD,L, with a locality structure.
Definition 2.26. For an open star domain S Ă Σ, we consider its intersections,
γS “ γ X S, γ P ΓD,L,
where we agree on the convention that any edge e P Epγq with eXBS ‰ H is not considered part
of γS . Thus, any e P γS is completely inside S. We call ΓD,LpSq “ tγS | Dγ P ΓD,L : γS “ γXSu
the dyadic scale of lattices subordinate to S.
It is clear from the constructions in the previous subsection that ΓD,LpSq inherits being directed
w.r.t. ĂL (or ĂR) from ΓD,L, and we have the analogues of projective and inductive systems
given in corollaries 2.16 & 2.25 as well as 2.18 & 2.20, together with the limits:
limÐÝ
γSPΓD,LpSq
A
EpγSq “ A pSq, limÝÑ
γSPΓD,LpSq
GEpγSq “ GpSq, limÐÝ
γSPΓD,LpSq
GV pγSq “ GpSq,
(2.21)
limÝÑ
γSPΓD,LpSq
BpL2pA EpγSqqq “ AD,LpSq.
Definition 2.27. For an open star domain5 S Ă Σ, we call AD,LpSq the local semi-continuum
field algebra (in S).
5For Σ “ TdL we assume S to be contractible.
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γ
S
γS
Figure 5. Illustration of the localization of lattices in dimension d “ 2.
Since any γS results from some γ P ΓD,L via the elementary operations of edge composition,
removal, or inversion, such that for γS ĂL γ, our constructions provide us with unital, injective
˚-morphisms,
αγSγ : BpL2pA EpγSqqq ÝÑ BpL2pA Epγqqq.(2.22)
Loosely speaking, αγSγ paq corresponds to the extension of a P BpL2pA EpγSqqq by the identity
operator on γzγS . Because of the transitivity condition for subsequent refinements of lattices
(see proposition 2.23), there are unital, injective ˚-morphisms [EK98],
αS : AD,LpSq ÝÑ AD,L.(2.23)
Thus, with a slight abuse of notation we may regard the local semi-continuum field algebras as
C˚-subalgebras of semi-continuum field algebra, AD,LpSq Ă AD,L. Moreover, we can repeat the
argument for any set inclusion S Ă S 1 Ă Σ, such that we end up with corresponding unital,
injective ˚-morphisms:
α
γS
γ1
S1
: BpL2pA EpγSqqq ÝÑ BpL2pA Epγ1S1qqq, γS ĂL γ1S 1 ,(2.24)
αSS 1 : AD,LpSq ÝÑ AD,LpS 1q,
that satisfy transitivity conditions analogous to those stated in proposition 2.23. As an im-
mediate consequence of unitality and the form of the elementary refining operations (2.17), we
have:
Corollary 2.28. The family of algebras,
tAD,LpSq | S Ă Σ is an open star-domainu,
is an isotonuous, local net of C˚-subalgebras of AD,L, i.e.
AD,LpSq Ă AD,LpS1q, S Ă S 1,
rAD,LpSq,AD,LpS 1qs “ t0u, S X S 1 ‰ H.
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The corollary shows that AD,L will be a quasi-local algebra [BR87], if the the uniform closure
of the local semi-continuum field algebras is equivalent to the semi-continuum field algebra,
AD,L “
ď
S
AD,LpSq.(2.25)
Remark 2.29. Clearly, it is essential for the definition of the locality structure of AD,L that
the refining ˚-morphisms (2.16) are unital. For example, if we represented our basic operations
by non-unital ˚-morphisms,
α
teu
te1,e2u
pλpteuqpF qq “ AdupλpteuqpF qq,
α
te2u
te1,e2u
pλpte2uqpF qq “ Advpλte2upF qq,
where u : L2pGeq Ñ L2pGe2 ˆ Ge1q, v : L2pGe2q Ñ L2pGe2 ˆ Ge1q are partial isometries, we
would loose the locality structure because,
α
teu
te1,e2u
p1eq “ pu,
α
te2u
te1,e2u
p1e2q “ pv,
are in general not central. Here, pu “ uu˚ and pv “ vv˚ are the final projections of u and v.
For example, in [ASvS18, GR13] the ˚-morphism αte2ute1,e2u is represented by vpφe2q “ φe2 b 1e1
(φe2 P L2pGe2q, G is assumed to be compact), which leads to:
α
te2u
te1,e2u
pλpte2uqpF qq “ λpte2uqpF q b pp1qe1 ,
with the projection onto the constant unit function p1 : L
2pGq Ñ L2pGq.
2.3.2. Representations and dyadic scales of Hilbert spaces. To connect our abstract operator-
algebraic constructions to the realm of Hilbert spaces, and thus to the common framework of
quantum physics [Kog83, Kog79, Cre85] (cp. also [Jon18a]), we invoke the GNS construction
w.r.t. to coherent families of states, tωpγquγPΓD,L . More precisely, we consider families of positive,
linear functional satisfying the coherence conditions:
ωpγ
1q ˝ αγγ1 “ ωpγq, γ ĂL γ1,(2.26)
w.r.t. the directed system of C˚-algebras (2.16). By standard reasoning [KR86], a family of
states satisfying said coherence condition induces an inductive system of Hilbert spaces,
R
γ
γ1 : Hγ ÝÑ Hγ1 , pRγγ1q˚Rγγ1 “ 1Hγ , γ ĂL γ1,(2.27)
R
γ1
γ2R
γ
γ1 “ Rγγ2 , γ ĂL γ1 ĂL γ2,
together with coherent family of ˚-representations,
πγ : BpL2pA Epγqqq ÝÑ BpHγq, γ ĂL γ1,(2.28)
and cyclic vectors,
tΩγuγPΓD,L ,(2.29)
Moreover, we have the following relations among the various objects and maps:
πγ1pαγγ1paqqRγγ1 “ Rγγ1πγpaq,(2.30)
R
γ
γ1Ωγ “ Ωγ1 ,
ωγpa˚bq “ pπγpaqΩγ , πγpbqΩγqHγ ,
where a, b P BpL2pA Epγqqq, γ ĂL γ1.
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At this point, it is important to point out that the first line of (2.30) is not equivalent to
the condition,
πγ1pαγγ1paqq “ Rγγ1πγpaqpRγγ1q˚,(2.31)
for a P BpL2pA Epγqqq because generically pγ1 “ Rγγ1pRγγ1q˚ ‰ 1Hγ1 . Condition (2.31) has been
used in [ASvS18] (cp. remark 2.29) as definition of αγγ1 , and in a dual sense (on density matrices)
in [Jon18b, LLT17] (see section 4).
Remark 2.30. In case, we would like to avoid the use of a distinguished family of states
tωpγquγPΓD,L , we may ask for the existence of an inductive family of Hilbert spaces (2.27) and an
associated family of representations (2.28) supplemented by the first condition of (2.30) [KR86].
Moreover, we may localize everything w.r.t. the locality structure discussed in the previous
subsection 2.3.1.
To conclude our general outline of inductive systems of Hilbert space accompanying the dyadic
scale of field algebras, tBpL2pA EpγqqquγPΓD,L , we note that the former lead to suitable represen-
tations of the semi-continuum field algebra AD,L as well (cf. [KR86]).
Proposition 2.31. Given a coherent family of states, tωpγquγPΓD,L , as above, there is unique
(projective) limit state,
limÐÝ
γPΓD,L
ωpγq “ ωD,L,
together with a representation,
πD,L : AD,L ÝÑ BpHD,Lq,
on the inductive limit Hilbert space,
limÝÑ
γPΓD,L
Hγ “ HD,L,
with cyclic vector ΩD,L P HD,L. Moreover, we have:
πD,LpαγpaqqRγ “ Rγπγpaq, RγΩγ “ ΩD,L, ωD,Lpb˚cq “ pπD,LpbqΩD,L, πD,LpcqΩD,LqHD,L ,
for a P BpL2pA Epγqqq and c, b P AD,L. Here, αγ : BpL2pA Epγqqq Ñ AD,L and Rγ : Hγ Ñ HD,L
are the natural maps associated with the inductive limit construction.
Definition 2.32. In view of the previous proposition 2.31, we call the weak closure,
MD,L “ πD,LpAD,Lq2,
the semi-continuum von-Neumann field algebra, and similarly,
MD,LpSq “ πD,LpαSpAD,LpSqqq2,
the local semi-continuum von-Neumann field algebra (in S).
We return to the discussion of specific representations and weak-closures of the semi-continuum
field algebra in sections 3 to 5.2. Nevertheless, it is instructive to take a closer look at the
coherence conditions (2.26) for the elementary refining operations (2.17). The nature of these
conditions becomes especially evident for convolution operators λpγqpF q, F P CcpΠEpγqq, together
with the assumption that each finite-level state is normal, ωpγqp . q “ TrpTγ . q, for Tγ “
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λpγqpFTγ q P BpL2pA Epγqqq˚:
ωpte1,e2uqpαteute1,e2upλ
pteuqpF qqq
(2.32)
“ ωpte1,e2uqpλpte1,e2uqpςteute1,e2upF qqq
“
ż
Ge2ˆGe1
dge2dge1 pFTte1,e2u ˚ ς
teu
te1,e2u
pF qqp1e2 , ge2 ; 1e1 , ge1q
“
ż
Ge2ˆGe1
dge2dge1
ż
Ge2ˆGe1
dhe2dhe1 FTte1,e2u
phe2 , ge2 ;he1 , ge1qδ1e1 ph´1e1 qF ph´1e2 , h´1e2 ge2h´1e1 ge1q
“
ż
Ge
dge
ż
Ge
dhe
˜ż
Ge1
dge1 FTte1,e2u
phe, geg´1e1 ; 1e1 , ge1q
¸
loooooooooooooooooooooooooomoooooooooooooooooooooooooon
“FTteu phe,geq
F ph´1e , h´1e geq
“
ż
Ge
dge pFTteu ˚ F qp1e, geq
“ ωpteuqpλpteuqpF qq,
ωpte1,e2uqpαte2ute1,e2upλ
pte2uqpF qqq
(2.33)
“ ωpte1,e2uqpλpte1,e2uqpςte2ute1,e2upF qqq
“
ż
Ge2ˆGe1
dge2dge1 pFTte1,e2u ˚ ς
te2u
te1,e2u
pF qqp1e2 , ge2 ; 1e1 , ge1q
“
ż
Ge2ˆGe1
dge2dge1
ż
Ge2ˆGe1
dhe2dhe1 FTte1,e2u
phe2 , ge2 ;he1 , ge1qδ1e1 ph´1e1 qF ph´1e2 , h´1e2 ge2q
“
ż
Ge2
dge2
ż
Ge2
dhe2
˜ż
Ge1
dge1 FTte1,e2u
phe2 , ge2 ; 1e1 , ge1q
¸
loooooooooooooooooooooooomoooooooooooooooooooooooon
“FTte2u
phe2 ,ge2q
F ph´1e2 , h´1e2 ge2q
“
ż
Ge2
dge2 pFTte2u ˚ F qp1e2 , ge2q
“ ωpte2uqpλpte2uqpF qq,
for F P CcpΠeq resp. F P CcpΠe2q. Thus, the consistency conditions become simple integral
equations:
ż
Ge1
dge1 FTte1,e2u
phe, geg´1e1 ; 1e1 , ge1q “ FTteuphe, geq,(2.34) ż
Ge1
dge1 FTte1,e2u
phe2 , ge2 ; 1e1 , ge1q “ FTte2uphe2 , ge2q.
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Moreover, the operation of edge inversion (2.19) gives:
ωpte
´1uqpαteu
te´1u
pλpteuqpF qqq(2.35)
“ ωpte´1uqpλpte´1uqpςteu
te´1u
pF qqq
“
ż
Ge´1
dge´1 pFTte´1u ˚ ς
teu
te´1u
pF qqp1e´1 , ge´1q
“
ż
Ge´1
dge´1
ż
Ge´1
dhe´1 FTte´1uphe´1 , ge´1qF pαph´1
e´1
g
e´1q
´1ph´1e´1q´1, ph´1e´1ge´1q´1q
“
ż
Ge´1
dge´1
ż
Ge´1
dhe´1 FTte´1uphe´1 , ge´1qF pαg´1
e´1
phe´1q, g´1e´1he´1q
“
ż
Ge´1
dge´1
ż
Ge´1
dhe´1 FTte´1upαge´1 phe´1q, ge´1qF phe´1 , he´1g´1e´1q
“
ż
Ge
dge
ż
Ge
dhe FTte´1upαg´1e pheq´1, g´1e qlooooooooooooooomooooooooooooooon
“ς
te´1u
teu
pFT
te´1u
qphe,geq“FTteu phe,geq
F ph´1e , h´1e geq
“ ωpteuqpλpteuqpF qq.
Therefore, consistency w.r.t. the inversion of a single edge requires:
FTte´1upαg´1e pheq´1, g´1e q “ ς
te´1u
teu pFTte´1uqphe, geq “ FTteuphe, geq.(2.36)
But, this latter condition needs to be treated carefully, because the reversal of edge orientations
is not implemented by the binary relation ĂL of the directed set ΓD,L (cf. [ST16b]).
2.3.3. The compact case. In the final part of this section, we specialize to the important case
when G is compact including the physically important cases G “ Z2, Up1q, SUp2q, SUp3q. Be-
cause of this specialization, we have CcpGq “ C0pGq “ CpGq, and w.l.o.g. we may fix the total
mass of the Haar measure to unity, mGpGq “ volpGq “ 1. A rephrasing of the latter is the
existence of the distinguished unit vector,
1γ P L2pA Epγqq,(2.37)
for γ P ΓD,L. The (normal) states,
ωpγqpaq “ Trpp1γaq, a P BpL2pA Epγqqq,(2.38)
where p1γ is the projection associated with (2.37), form a coherent family (2.26). For convolution
kernels (2.8), F P CpΠEpγqq, we have the explicit formula (cp. (2.34)),
ωpγqpλpγqpF qq “
ż
GEpγq
dh
ż
A Epγq
dg F ph, gq,(2.39)
involving the Haar measures m
pγq
G , which we abbreviate by dg and dh on A
Epγq resp. GEpγq. As
the computation is instructive for subsequent sections, we use (2.39) to deduce the form of the
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Gel’fand ideal, Iγ , of ω
pγq:
ωpγqpλpγqpF q˚λpγqpF qq “
ż
A Epγq
dg
ż
GEpγq
dh pF ˚ ˚ F qph, gq
(2.40)
“
ż
A Epγq
dg
ż
GEpγq
dh
ż
GEpγq
dh1 F pph1q´1, ph1q´1gqF pph1q´1h, ph1q´1gq
“
ż
A Epγq
dg
ˆż
GEpγq
dh1 F ph1, gq
˙ˆż
GEpγq
dhF ph, gq
˙
“
ż
A Epγq
dg |Fˆ 1pπtriv, gq|2,
where Fˆ 1 denotes the Fourier transform of F w.r.t. the momenta, GEpγq, and πtriv is the trivial
representation of G (see (3.1) below). Thus, by density of CpΠEpγqq, Iγ is obtained from those
F that have Fˆ 1pπtrivq “ 0, and we have, as expected from (2.38), Hγ “ L2pA Epγqq. In this case,
the elementary refining isometries (cp. (2.27)) are:
pRteute1,e2uφqpge2 , ge1q “ φpge2ge1q “ pp
te1,e2u
teu q˚φpge2 , ge1q,(2.41)
pRHteuzqpgeq “ z “ pp
teu
H q˚zpgq,
with φ P CpGeq and z P Cpt1uq – C. Furthermore, compactness of G implies that A (see
corollary 2.16) is a compact Hausdorff space, and the family of Haar measures tmpγqG uγPΓD,L
forms a cylindrical measure that gives an actual measure m
A
by the Riez-Markov-Kakutani
theorem (cf. [Thi08]). The latter leads to a realization of the inductive limit Hilbert space as an
L2-space,
HD,L “ L2pA q,(2.42)
and we may deduce from our results in the subsequent section that
MD,L “ BpL2pA qq.(2.43)
The action L : G Ñ HomeopA q preserves the measure m
A
because the unit vector (2.37)
is obviously invariant for the action of GEpγq, which is equivalent to the natural adjointness
relations for the gauge field momentum operators,
pLhq˚ “ Lh´1 , h P G.(2.44)
Moreover, because the limit state, ωD,L, is invariant under the automorphic action ατ (see
corollary 2.25), the latter is unitarily implemented,
Uτ : G ÝÑ UpL2pA qq,(2.45)
and the underlying transformation group, τ : GÑ HomeopA q, preserves the measure m
A
.
Remark 2.33. In view of remark 2.8, we note that ωpγq induces the unique (up to unitary
equivalence) irreducible representation of KpL2pA Epγqqq in the sense of generalize Stone-von
Neumann theorem (cf. [Wil07, GR13]). The inductive limit Hilbert space L2pA q is essentially
what is known as the Ashtekar-Isham-Lewandowski Hilbert space in the context of loop quantum
gravity (cf. [Thi08]). The associated partial isometries Rγγ1 , γ ĂL γ1, (2.27) are the refinement
maps invoked in [ASvS18] (cp. also remark 2.29). The cyclic vectors Ωγ , γ P ΓD,L, are known
as the strong-coupling vacua in lattice gauge theory [Kog83, Kog79, Rot05].
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We conclude our general considerations with the observation that any normalized class-function,
f P CpGq6, with positive Fourier matrix coefficients, i.e.
fp1Gq “ 1, @g, h P G : fpαgphqq “ fphq, @π P Gˆ : fˆpπq ě 0,(2.46)
where Gˆ is the unitary dual of G, gives rise to a coherent family of states (cp. (2.34) & (2.36))
via:
Tγ “ λpγqpFγq P BpL2pA Epγqqq˚, Fγ “
â
ePEpγq
pf b 1qe P CpΠEpγqq.(2.47)
We consider particular examples of such coherent families of states in section 3.3.
Remark 2.34. We note that the coherent families of states defined by (2.47) allow for an
immediate generalization by replacing the single function f of (2.46) with a family of functions
adapted to the cofinal sequence of lattices, tγNuNPN0 , see figure 4. Specific examples of this
more general construction of coherent families of states are given in section 3.3.2.
3. Yang-Mills theory in 1+1 dimensions
Although parts of what follows immediately generalize to arbitrary dimensions, we now specialize
to 1+1 dimensional case (referred to as YM1`1), i.e. we have d “ 1 and unoriented dyadic lattices
|ΓD,L| correspond to dyadic partitions of the finite interval r0, Ls or the circle T1L and, thus, to
binary rooted trees T (figure 6, top). Moreover, since a choice of cofinal sequence tγNuNPN0
according to remark 2.13 is in one-to-one correspondence with the sequence of unoriented lattices
|ΓD,L|, each γN corresponds to a unique dyadic partition which in turn can be identified with
a binary rooted tree t P T. In the context of this identification, we have two natural bijections:
the first is between the edges, EpγN q, of a lattice γN and the leaves, ℓptq, of a binary rooted
tree t P T, and the second is between the vertices V pγN q and the partition Pt “ t0 “ σ0 ă σ1 ă
... ă σnptq “ Lu Ă LD, where |V pγN q| “ nptq ` 1. Moreover, the basic coarsening operations
given in definition 2.10 correspond to cutting operations on a tree t P T, i.e. composition of
two edges is given by cutting at one of the outer (binary) nodes of t while removal of an edge
is given by cutting one of the outer leaves of t (figure 6, bottom). Clearly, the cutting of an
outer node corresponds to the removal of the elementary binary tree with two leaves, Y, and,
thus, successive compositions of edges are identified with the removal of binary rooted forests,
f P F . To allow for direct comparison with our companion article [BS19], we note the additional
identification of the directed subset
ÐÝ
ΓD,L Ă ΓD,L of lattices with orientations fixed to the left,
i.e. from L towards 0, with the directed set of binary rooted trees T.
Restricting to the directed subset
ÐÝ
ΓD,L in certain situations is justified by the construction of a
˚-isomorphism between the C˚-inductive limit algebras associated with the latter and the cofinal
sequence tγNuNPN0 , see remark 2.13. To this end, we observe that ÐÝΓD,L is sequential w.r.t. to
the level and totally ordered with respect to ĂL (or ĂR). Therefore, we denote its elements by
~γN , N P N0.
Proposition 3.1. There exists an isomorphism of C˚-algebra,
ζ : limÝÑ
tγN uNPN0
BpL2pA EpγN qqq “ AD,L ÝÑÐÝAD,L :“ limÝÑ
t ~γN uNPN0
BpL2pA Epγqqq.
Proof. Without loss of generality we assume the orientation of the initial element, γ0, of the
cofinal sequence to be to the left. The elementary morphisms that define the inductive-limit
6Presumably, the restriction to continuous functions is unnecessary. But, it is sufficient for our purposes in the
following.
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t0
t1
t2
t3
t8
γ0
γ1
γ2
γ3
γ8
(composition) (deletion)
Figure 6. Illustration of the correspondence between dyadic partitions and bi-
nary rooted trees (top, edge orientations are suppressed), and the basic coarsening
operations (bottom).
algebras are, cp. (2.16) to (2.20),
αγ0γ1 : BpL2pGeqq ÝÑ BpL2pGe2 ˆGe1qq,
a ÞÝÑ U˚Lpab 1e1qUL,
α
~γ0
~γ1
: BpL2pGeqq ÝÑ BpL2pGe2 ˆGe1qq,
a ÞÝÑ ULpab 1e1qU˚L .
This implies that we have a simple commutative diagram involving an orientation reversal on
the edge e1 because Ad1e2bUιpU˚L q “ UL:
BpL2pGeqq
id

α
γ0
γ1
// BpL2pGe2 ˆGe1qq
Ad1e2bUι

BpL2pGeqq
α
~γ0
~γ1
// BpL2pGe2 ˆGe1qq.
Clearly, this diagram has a simple geometric origin (see figure 7), and proceeding inductively
we obtain a sequence tζNuNPN0 with initial elements ζ0 “ id, ζ1 “ Ad1e2bUι . More explicitly,
we assume that ζN “ AdUN has been constructed up to some N P N0 with a unitary UN P
CANONICAL QUANTIZATION OF YANG-MILLS THEORY 23
ĂL
id Ó Ó idˆι
ĂL
Figure 7. Geometrical origin of the isomorphism of proposition 3.1
UpL2pA EpγN qqq. Then, we define UN`1 by
AdUN`1 ˝αγNγN`1 “ α ~γN~γN`1 ˝AdUN “ Adα ~γN
~γN`1
pUN q
˝α ~γN~γN`1 ,
which is possible because both αγNγN`1 and α
~γN
~γN`1
are unitarily conjugate to one another:
α
~γN
~γN`1
“ Ad
p1bUιqb2
N ˝αγNγN`1 .
Thus, an admissible choice for UN`1 is:
UN`1 “ α ~γN~γN`1pUN qp1 b Uιq
b2N .
From this we infer the existence of the inductive limit limÝÑNPN0 ζN “ ζ, cf. [EK98]. 
Remark 3.2. It is important to note, that the isomorphism ζ : AD,L Ñ ÐÝAD,L is only an
isomorphism of C˚-algebras. If we supply both algebras with states, ωD,L and ~ωD,L, for exam-
ple, by choosing two coherent families of states (2.26), there is a priori no guarantee that the
corresponding von Neumann algebras will be equivalent, because
~ωD,L ˝ ζ “ ωD,L
may not hold.
Remark 3.3. The existence of the isomorphism ζ : AD,L Ñ ÐÝAD,L should be considered
in the light of another natural injective ˚-morphism that results from the inductive system
tBpL2pA Epγqqq, αγ1γ uγĂLγ1PΓD,L . Namely, we have ~γN ĂL γN for all N P N0 which results in the
commutative diagram:
...
α
~γN´1
~γN
// BpL2pA Ep ~γN qqq
α
~γN
γN`1

α
~γN
~γN`1
// BpL2pA Ep ~γN`1qqq
α
~γN`1
γN`2

α
~γN´1
~γN
// ...
...
α
γN
γN`1
// BpL2pA EpγN`1qqq
α
γN`1
γN`2
// BpL2pA EpγN`2qqq
α
γN`2
γN`3
// ...,
and, thus, an injective ˚-morphism ~α :ÐÝAD,L Ñ AD,L. In this way, the local net associated withÐÝ
AD,L always constitutes a subnet of that corresponding to AD,L, cf. corollary 2.28.
Remark 3.4 (Inductive system of a cofinal sequence of oriented dyadic trees). Regarding the
cofinal sequence tγNuNPN0 , where we choose the edge orientation of the initial element γ0 to be to
the left as in proposition 3.1, we observe that the inductive system tBpL2pA EpγN qqq, αγNγN`1uNPN0
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results from an iteration of the following two injective ˚-morphisms
αL : BpL2pGeqq ÝÑ BpL2pGe2 ˆGe1qq,
a ÞÝÑ U˚L pab 1e1qUL,
αR : BpL2pGeqq ÝÑ BpL2pGe2 ˆGe1qq,
a ÞÝÑ V ˚R p1e2 b aqVR,
which correspond to the upper and lower parts of figure 8. The unitary VR P UpL2pG ˆGqq is
defined by
pVRψqpge2 , ge1q “ ψpge2 , ge1ge2q, ψ P CcpGe2 ˆGe1q.
and results from conjugation of UL with the exchange of (tensor) factors, flip : L
2pGe2 ˆGe1q Ñ
L2pGe1 ˆGe2q:
flip ˝UL ˝ flip “ VR.
ĂL
ĂL
Figure 8. Refinements of left- and right-oriented edges w.r.t. ĂL.
3.1. Jones’ actions of Thompson’s groups. In view of our companion article [BS19], we
explain in this subsection how the construction of the semi-continuum field algebra AD,L in
1+1-dimensions via the inductive system tBpL2pA Epγqqq, αγγ1uγĂLγ1PΓD,L leads to an action of
Thompson’s groups F Ă T Ă V on AD,L by automorphisms [Jon17, Jon18a]. In contrast with
[BS19], we illustrate this action in a manner familiar from loop quantum gravity-type models,
e.g. [Thi08], which gives us the advantage that the extension of Jones’ action, initially given
on unoriented dyadic lattices7, to oriented dyadic lattices is almost self-evident. For this pur-
pose, we consider Thompson’s group F as the group of piecewise linear homeomorphims of
f : r0, 1s Ñ r0, 1s that are differentiable everywhere except from a finite set of dyadic rationals
Df Ă D and the differentials are multiplications by powers of 2 where they exist [CFP96].
Positivity of the differentials that are defined almost everywhere implies that elements of F are
orientation preserving. Therefore, it is clear that F acts (asymptotically) on the family of ori-
ented dyadic lattices ΓD,L in dimension 1 by conjugating with the scaling of the interval r0, Ls
to r0, 1s und using suitable refining operations. The action of F ñ AD,L is compatible with
ĂL{R, i.e. fpγq ĂL{R fpγ1q for γ ĂL{R γ1 and f P F , and it can be visualized in the following
sense, cp. figure 9:
Consider the dense ˚-subalgebra Ap0q
D,L Ă AD,L given by the algebraic inductive limit. Then, any
element a P Ap0q
D,L is uniquely determined by an element aγmin P BpL2pA Epγminqqq for a minimal
γmin P ΓD,L. Given f P F , we assign a new element pf ¨ aqfpγminq P BpL2pA Epfpγminqqqq. We
initially assume that aγmin “ bePEpγminqae is an elementary tensor and γmin corresponds to an
f -adapted partition of r0, 1s, i.e. the break points of f form a subset of the vertices of γmin after
rescaling, LDf Ă V pγminq. Therefore, we know that fpγminq results from taking the images of
7Unoriented dyadic lattices directly correspond to binary rooted trees, and Jones’ action is constructed by
exploiting the categorical structure of the direct set of binary rooted trees. i.e. Thompson’s group F arises as the
group of fractions of said category [CFP96, Jon17].
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edges in Epγminq and applying the necessary refinements (see proposition 2.15) to obtain an ele-
ment of ΓD,L. This allows us to define pf ¨aqfpγminq by subjectingbe1“fpeq:ePEpfpγminqqaf´1pe1q to the
necessary refinements (see proposition 2.23) according to the associated identification of tensor
factors. Since this assignment is isometric, we may extend it uniquely to all of BpL2pA Epγminqqq
by the density of elementary tensors. Next, we assume that γmin is not f -adapted. Since ΓD,L
is directed, we now that there is an f -adapted γ1min s.t. γmin ĂL γ1min, and we may apply the
previous formula to αγmin
γ1
min
paγminq. Thus, we obtain a map f ¨ . : Ap0qD,L Ñ Ap0qD,L which extends
uniquely to AD,L. It is easily checked that this defines an automorphic action F ñ AD,L which
coincides with the categorical construction of Jones when lattices are unoriented and correspond
directly to binary rooted trees. The extension of this action to T and V is straightforward.
f »
1
4
1
2
3
4
10
1
4
1
2
3
4
1
»
RL R
a b b b c “
R RL
a b b b c
» L L R R
abV ˚R p1b bqVRbc
“ L L R R
abV ˚R p1b bqVRbc
» L R R R
abVRp1b bqV ˚R bc
“ L R R R
abVRp1b bqV ˚R bc
Figure 9. Exemplary action of an f P F on AD,L in graphical notation. L
and R refer to the orientation of the edges in the partition corresponding to a
binary rooted tree. The last and the next-to-last line illustrate the two possible
refinements of the operator on the middle edge, b, compatible with ĂL.
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Remark 3.5 (Jones’ actions and the locality structure). Although we have actions of Thomp-
son’s groups F Ă T Ă V on the semi-continuum field algebra AD,L, only the actions of F and T
are compatible with the locality structure of AD,L given in corollary 2.28 as the concept of star
domain is not invariant w.r.t. V .
Remark 3.6 (Extensions to von Neumann algebras). Initially, the actions of F Ă T Ă V are
defined on AD,L and their extension to the von Neumann algebra MD,L (form some state ωD,L)
is a nontrivial matter. A sufficient a priori reason can be given by the (quasi-)invariance of ωD,L
w.r.t. one of the actions or its restriction to a suitable subgroup, e.g. the dyadic rotations in T ,
see [BS19].
Remark 3.7. It follows from the construction of the Jones actions of F Ă T Ă V on AD,L and
remark 3.3 that their restrictions to
ÐÝ
AD,L are well-defined.
3.2. Fourier transform, the holonomy map, and duality. As it is well-know from the
general setting of lattice models, notions of duality are extremely useful and provide valuable
insight into the structure of models [Kog83, Kog79, Cre85, ID89]. Therefore, we introduce
two consistent systems of transformations w.r.t. to our projective and inductive systems that
elucidate especially well an instance of duality in the d “ 1 case.
3.2.1. Fourier transform. For the first system of transformations, we restrict to the case when
G is a compact group8, and make use of the Fourier transform (cf. [RT09]),
F : L2pGq ÝÑ L2pGˆq, F rφspπqnm “ φˆpπqnm “
ż
G
dg πmnpgqφpgq “ pπmn, φqL2pGq,(3.1)
F
´1 : L2pGˆq ÝÑ L2pGq, F´1rϕspgq “ ϕˇpgq “
ÿ
rπsPGˆ
dπ TrVπ pπpgqϕpπqq,
between G and its unitary dual Gˆ, and the coherence of the latter w.r.t. the projective and
inductive systems given in corollary 2.16. Here, π : G Ñ UpVπq is a irreducible, unitary repre-
sentation defining an equivalence class rπs P Gˆ. tπmnudπm,n“1 are the matrix coefficient w.r.t. to
an orthonormal basis tvπk udπk“1 of Vπ, and dπ “ dimpVπq is the (complex) dimension of the
representation. Thus, the Fourier transform requires a fixed choice of representatives for ev-
ery equivalence class in Gˆ, e.g. a suitable subrepresentation of the left regular representation
λ : GÑ UpL2pGqq. In (3.1) and the following we allow for a slight abuse of notation and identify
Gˆ with a fixed collection of matrix representatives. More precisely, we consider Gˆ together with
its counting measure as in (3.1) to be given by a specific realization of the group von Neumann
algebra RλpGq [Ped79]:
L8pGˆq – RλpGq –
ℓ8à
rπsPGˆ
MdπpCq,(3.2)
where we consider the ℓ8-closure of the (algebraic) direct sum. We remark that it appears to be
convenient to interpret L8pGˆq as von Neumann-algebraic representation of the discrete quantum
group Gˆ, e.g. [KV00, Tim08]. By means of the Fourier transform and the duality pairing,
GˆˆG ÝÑ C,(3.3)
pπmn, gq ÞÝÑ πmnpgq,
8A similar construction can be done in the context of quantum groups.
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we have basic dual field operators in BpL2pGˆqq (cp. (2.10)),
λˆpπmnq “ F ˝Mpπmnq ˝F´1,(3.4)
Mˆpπmnq “ F ˝ λpπmn b 1q ˝F´1,
for all matrix coefficients πmn P Gˆ. The (infinite) matrix representations of which are:
λˆpπmnqπ
2
m2n2
π1
m1n1
“
ż
G
dg π2m1n1pgqπmnpgqπ1m2n2pgq,(3.5)
Mˆpπmnqπ
2
m2n2
π1
m1n1
“ d´2π δπ,π1δπ,π2δm,m1δn,m2δn1,n2.
Thus, we deduce that λˆpπmnq acts by tensor convolution w.r.t. to the representation π (Clebsch-
Gordan coefficients) on L2pGˆq while Mˆpπmnq acts by right multiplication with the transpose of
the suitably normalized matrix unit in the direct summand corresponding to π:
pEpπqmnqpπ1qn1m1 “ d´1π δπ,π1δm,m1δn,n1 .(3.6)
The analogue of the canonical commutation relations (2.5) reads,´
Mˆpπ1m1n1qλˆpπmnqMˆ pπ2m2n2q
¯σ2
k2l2
σ1
k1l1
“ d´1π1 d´1π2 δπ1,σ1δπ2,σ2δm1,k1δn2,k2λˆpπmnq
π2
m2,l2
π1
n1,l1
.(3.7)
Now, we define the following (dual) maps corresponding to the elementary operations of edge
composition and deletion.
Definition 3.8. Let Gˆ be the unitary dual of G as given by (3.2). Then, we consider the maps:
pˆ
te1,e2u
teu
: Gˆe ÝÑ Gˆe2 b Gˆe1 , jˆteute1,e2u : Gˆe2 b Gˆe1 ÝÑ Gˆe – Gˆe b t1Gˆu,
πmn ÞÝÑ
dπÿ
k“1
πmk b πkn, πmn b π1m1n1 ÞÝÑ πmn „ πmn b 1Gˆ,
pˆ
teu
H : t1ˆu ÝÑ Gˆe, jˆHteu : Gˆe ÝÑ t1ˆu,
1ˆ ÞÝÑ πtriv, πmn ÞÝÑ 1ˆ.
The following result is an immediate consequence of the preceding definition.
Corollary 3.9. The maps of definition 3.8 correspond to those of 2.14 via the Fourier transform
(3.1), i.e. pˆ
te1,e2u
teu and pˆ
teu
H induce maps between the corresponding L
2-spaces via pullback such
that:
ppˆte1,e2uteu q˚F rpp
te1,e2u
teu q˚F´1rϕsspπqnm “ ϕpπqnm,
ppˆteuH q˚F rppteuH q˚F´1rwssp1ˆq “ wp1ˆq,
for ϕ P L2pGˆq and w P L2pt1ˆuq – C, and we have the following relations among the dual field
operators:
α
teu
te1,e2u
pλˆpteuqpπmnqq “ pλˆpte2uq b λˆpte1uqqppˆte1,e2uteu pπmnqq,
α
teu
te1,e2u
pMˆ pteuqpjˆteute1,e2upπmn b π
1
m1n1qqq “ Mˆ pte2uqpπmnq b Mˆ pte1uqqp1Gˆq,
α
H
teupλˆpHqp1ˆqq “ λˆpte2uqppˆ
te1u
H p1ˆqq,
α
H
teupMˆ pHqpjˆHteupπmnqqq “ Mˆ pte2uqp1Gˆq,
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where BpL2pGˆqq – BpL2pGqq via conjugation with the Fourier transform is implicitly understood.
Moreover, we slightly abuse notation and denote the Fourier transform for several copies of G
and the trivial group t1u by the same symbol F .
The corollary implies that we can equally well base our construction of the semi-continuum field
algebra AD,L on BpL2pGˆqq together with the dual projective and inductive systems coming from
definition 3.8. Nevertheless, it is important to note that the compatible dual inductive limit
structure of the Hilbert space HˆD,L – L2pA q is obtained from the right inverses of ppˆte1,e2uteu q˚
and ppˆteuH q˚ given in the preceding corollary:
pRˆteu
te1,e2u
ϕqpπ, π1qnm,n1m1 “ d´1π δπ,π1δn,m1ϕpπqn1m “ ppppˆte1,e2uteu q˚q´1ϕqpπ, π1qnm,n1m1 ,(3.8)
pRˆH
teu
wqpπqnm “ δπ,πtrivδm,1δn,1wp1ˆq “ pppˆteuH q˚q´1wqpπqnm.
These maps are well-defined because Gˆ is discrete, and the GNS vector of HˆD,L is given by
the indicator function of the trivial representation, δπtriv , on every edge. By standard reasoning
[EK98], the coherent system of transformations given by the Fourier transform provides a unitary
transformation,
F : L2pA q “ HD,L ÝÑ HˆD,L “ ℓ2pGˆfrq,(3.9)
where,
HˆD,L “ limÝÑ
γPΓD,L
ℓ2pGˆEpγqq,(3.10)
is the dual inductive-limit Hilbert space with
Gˆfr “ limÝÑ
γPΓD,L
GˆEpγq, GˆEpγq “ â
ePEpγq
Gˆe.(3.11)
For obvious reasons, we refer to F as the Fourier transform for A .
Remark 3.10. We note that our definition of the Fourier transform, F , for A is nothing else
but a basis-free version of the spin-network transform used in loop quantum gravity [Thi08,
AMP01, Thi96]. But, the values taken by a function ϕpγq P L2pGˆEpγqq should not be confused
with the coefficient w.r.t. the spin-network basis due to the presence of non-trivial Mandelstam
identities.
3.2.2. The holonomy map. The second system of transformations arises from a realization of
A as affine, based dyadic-path group WD,LpGq via a discrete analogue of the holonomy map
(cp. [MTV99, DH99]). For simplicity, we consider A as projective limit w.r.t.
ÐÝ
ΓD,L, but the
generalization to ΓD,L via a cofinal sequence tγNuNPN0 is straightforward.
Definition 3.11. We consider the countably infinite product,
WD,LpGq :“ th : LDÑ G | h0 “ 1Gu –
ą
dPLD‰0
G,
and define a map
hol : A ÝÑWD,LpGq
g¯ ÞÝÑ tholpg¯qτ uτPLD,
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by the following prescription:
holpg¯qτ “
Ðź
τěσPPt
pgtqσ, holpg¯q0 “ 1G,
with gt “ pγptqpg¯q s.t. τ P t0 “ σ0 ă σ1 ă ... ă σnptq “ Lu “ Pt, where the latter is the dyadic
partition
p0, Ls “
nď
i“1
pσi´1, σisloooomoooon
“:Iσi
defined by t P T, and γptq P ÐÝΓD,L is the associated lattice.
śÐ
σPPt
denotes the ordered product
of elements of G according to the partition Pt (indices decreasing to the left) and pgtqσ “ gIσ ,
pgtqσ0 “ 1G. We call holpg¯q PWD,LpGq the (dyadic) holonomy of g¯ P A based at 0.
Naturally, A inherits only an affine group structure from WD,LpGq because the former can
be interpreted as the groupoid homomorphism of the dyadic-path groupoid into the structure
group, hompPD,L, Gq, i.e. two elements of A differ by an element of WD,LpGq. The properties
of the holonomy and the aforesaid realization of A are summarized in the following proposition.
Proposition 3.12. The holonomy map hol : A ÝÑ WD,LpGq is well-defined and a homeo-
morphism, if we endow WD,LpGq –
Ś
dPD‰0
G with the Tychonoff topology9. Moreover, the
push-forward of the measure m
A
satisfies hol˚mA “ ˆdPD‰0mG for the corresponding Borel
σ-algebras.
Proof. We only show that hol is well-defined and give a formula for the inverse, hol´1, because
it is instructive to see how the computation works. For a complete proof we refer to proposition
2.10 of our companion paper [BS19].
Given g¯ P A and τ P D, we consider gt “ pγptqpg¯q, gt1 “ pγpt1qpg¯q for some t, t1 P T such that
τ P PtXPt1 . Then, we can always find t2 P T s.t. t, t1 ď t2 as T is directed, i.e. ft “ t2, f 1t1 “ t2
for f, f 1 P F . Therefore, we have by the definition of g¯:
holpg¯qτ “
Ðź
τěσPPt
pgtqσ “
Ðź
τěσPPt
¨
˝ Ðź
σěσ2PPt2 pIσq
pgt2qσ2
˛
‚
looooooooooooomooooooooooooon
“p
γpt2q
γptq
pgt2 qσ
“
Ðź
τěσ2PPt2
pgt2qσ2 ,
holpg¯qτ “
Ðź
τěσ1PPt1
pgt1qσ1 “
Ðź
τěσ1PPt1
¨
˝ Ðź
σ1ěσ2PPt2 pIσ1q
pgt2qσ2
˛
‚
loooooooooooooomoooooooooooooon
“p
γpt2q
γpt1q
pgt2 qσ1
“
Ðź
τěσ2PPt2
pgt2qσ2 ,
where ,Pt2pIσ1q,Pt2pIσ1q are the subpartitions of Iσ, Iσ1 Ă p0, Ls defined by t2. Thus, holpg¯qτ is
well-defined for g¯ P A , τ P D. A natural inverse,
hol´1 :WD,LpGq ÝÑ A ,
is given by:
hol´1phqt “ phσ1 , h´1σ1 hσ2 , ..., h´1σnptq´1hσnptqq,
9Recall that the Tychonoff topology is the initial topology for the natural projective structure of WD,LpGq
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for t P T and Pt “ t0 “ σ0 ă σ1 ă ... ă σnptq “ 1u. Assuming t ď t1 “ ft, we infer
p
γpt1q
γptq phol´1phqt1qσ “
Ðź
σěσ1PPt1pIσq
phol´1phqt1qσ1 “ phol´1phqtqσ.
Thus, hol´1 is well-defined. By construction, we have:
hol´1pholpg¯qqt “ pholpg¯qσ1 ,holpg¯q´1σ1 holpg¯qσ2 , ...,holpg¯q´1σnptq´1holpg¯qσnptqq
“ ppgtqσ1 , pgtq´1σ1 pgtqσ1pgtqσ2 , ..., ppgtqσ1 ...pgtqσnptq´1q´1pgtqσ1 ...pgtqσnptqq
“ ppgtqσ1 , ..., pgtqσnptqq
“ gt,
holphol´1phqqτ “
Ðź
τěσPPt
phol´1phqtqσ
“ phol´1phqtqσ1phol´1phqtqσ2 ...phol´1phqtqσ...phol´1phqtqσnptq
“ hσ1h´1σ1 ...hσh´1σ ...hτ
“ hτ ,
showing that hol´1 ˝ hol “ id “ hol ˝ hol´1. 
As hol is a homeomorphism, we use it to transfer the (continuous) actions L and τ to WD,LpGq
(see corollary 2.16 and proposition 2.18).
Corollary 3.13. We obtain the actions,
LW : G
pLDq
0 ˆWD,LpGq ÝÑWD,LpGq,
and,
τW : GLD ˆWD,LpGq ÝÑWD,LpGq,
by conjugating L and τ with the holonomy map. Additionally, we use the natural identifications,
G – à
dPLD
G “ GpLDq, G0 –
à
dPLD‰0
G “ GpLDq0 ,
where we associate an element g P G with the trivial extension of its minimal tree representation,
jγpt0qpgσ1 , ..., gσnpt0qq “ g for t0 P T, and,
G –
ą
dPLD
G “ GLD, G0 –
ą
dPLD‰0
G “WD,LpGq.
Here, G
pLDq
0 is the direct-sum subgroup of WD,LpGq with subspace topology coming from the box
topology. The actions take the explicit forms:
LWg phqτ “ gσ1hσ1gσ2h´1σ1 hσ2 ...hσj´1gσjh´1σj´1 ...hτ
τ“σm“
˜
mź
j“1
αhσj´1 pgσj q
¸
hτ ,
τWg phqτ “ g0hτg´1τ .
Thus, the holonomy map intertwines the action of the gauge group, τ : GLD ñ A , with the
action of GLD on its normal subgroup GLD0 “WD,LpGq by (right) group multiplication up to an
additional factor of G acting from the left (at 0 P LD).
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Remark 3.14. The action of the gauge group, τW : GLD ñ WD,LpGq, makes the implications
of different boundary conditions especially transparent: free boundary conditions correspond
to the action of the (full) dyadic-path group GLD, periodic boundary conditions correspond
to the restricted action of the dyadic-loop group LD,LpGq “ th : LD Ñ G | hL “ h0u Ă
GLD. Moreover, we can restrict the gauge group to the based dyadic-path group, GLD0 “
WD,LpGq, or the based dyadic-loop group, LD,LpGq0 “ WD,LpGq X LD,LpGq, to study only
gauge transformations that vanish at 0 respectively at 0 and L.
3.2.3. Duality. For sake of clarity, we describe the duality that is implied by the Fourier trans-
form and the holonomy map when G is compact and abelian. To this end, we observe that
the explicit formula for the action LW : G ñ WD,LpGq given in corollary 3.13 can be further
simplified for abelian G:
LWg phqττ“σm“
˜
mź
i“1
αhσi´1 pgσiq
¸
hτ “
˜
Ðź
τěσPPt
gσ
¸
loooooomoooooon
holpgqτ
hτ(3.12)
“ Lholpgqphqτ ,
where we consider G Ă A as a dense, continuously embedded subset because of proposition 2.15
and corollary 2.16. We call the image of hol : GÑ WD,LpGq the finite rank dyadic-path group
(cp. (3.11)):
Gfr “ th : LDÑ G | h0 “ 1G ^ Dt P T : @σ P Pt : hIσXLD “ const.u.(3.13)
By definition, the holonomy map intertwines the action G ñ A with the action Gfr ñ WD,LpGq
by (left) multiplication.
Next, we observe that Fourier duality allows us to transfer our construction from the action
G ñ A to the action WD,LpGˆq ð Gˆfr because, on the one hand, Gˆ is an abelian, discrete
group, and, on the other hand, the projective and inductive systems based on definition 3.8 lead
precisely to the latter pair of limit objects. Following this, we invoke the inverse of the holonomy
map to pass from the pair WD,LpGˆq ð Gˆfr to the pair Aˆ ð Gˆ. To summarize, we have:
Theorem 3.15. Given an abelian, compact group G and its abelian, discrete, unitary dual Gˆ
(Pontryagin dual), the Fourier transform, F , and the holonomy map, hol, provide an isomor-
phism of topological actions:
hol´1 ˝F : G ñ A ÝÑ Aˆ ð Gˆ.
3.3. Canonical states. So far, we have mainly been concerned with the kinematical aspects
of Hamiltonian lattice gauge theory, and, thus, it has been possible to work in a rather abstract
operator-algebraic setting. But, as we intend to discuss dynamical aspects of the theory as
well, we would like to introduce specific representations of the semi-continuum field algebra,
π : AD,L Ñ H, that allow for the introduction of a one-parameter, unitary time evolution group,
U : R ÝÑ UpHq,(3.14)
which is associated with a Hamiltonian affiliated, H η πpAD,Lq2, to the semi-continuum von
Neumann field algebra,
Ut “ e´itH , t P R.(3.15)
As we construct our field algebra from a scale of lattice theories, it is natural to use suitable
lattice approximations for the Hamiltonian, e.g. the Kogut-Susskind Hamiltonian for Yang-Mills
theory [KS75].
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Figure 10. The edges, Bf “ te4, e´13 , e´12 , e1u Ă Epγq, around a face, f P F pγq,
of a lattice γ P ΓD,L. gf “ ge4g´1e3 g´1e2 ge1 is the associated holonomy.
Therefore, we introduce in the following canonical Gibbs states for YM1`1, which are based on
the Kogut-Susskind Hamiltonian and its finite-temperature canonical ensemble on each lattice
γ P ΓD,L. We call these states the heat-kernel states for Yang-Mills theory for reasons that
become apparent in the next subsection. Additionally, we use the duality discussed in the
previous subsection, especially theorem 3.15, to define the dual heat-kernel states, and we show
that the latter have a natural interpretation on their own.
Before we define the heat-kernel states for YM1`1, we recall some general facts about the Yang-
Mills Hamiltonian in a lattice approximation in arbitrary dimensions. Initially, we assume that
G is a compact Lie group. Then, the Kogut-Susskind Hamiltonian on a lattice, γN P ΓD,L of
level N P N0, is formally given by:
HpNqπ “
g2N
2aγN
ÿ
ePEpγq
`´∆Ge˘` 2aγN g2N
ÿ
fPF pγq
`
dπ ´ ℜpMpTrVπpπf qqq
˘
,(3.16)
for some π P Gˆ and the dimensionless coupling constant gN P Rą0. Here, ∆Ge denotes the
bi-invariant Laplace (or quadratic Casimir) operator on C8pGeq associated with the negative of
the Killing form, x . yge , and MpTrVπ pπf qq is the multiplication associated with the trace of the
holonomy around a face, i.e. a Wilson loop, in the representation π (see figure 10):
p∆Geφqpgeq “
dim geÿ
i“1
pR2Xe,iφqpgeq,(3.17)
pMpTrVπpπf qqψqpge4 , ge3 , ge2 , ge1q “ TrVπpπpge4g´1e3 g´1e2 ge1qqψpge4 , ge3 , ge2 , ge1q,
for φ P C8pGeq, ψ P C8pGe4 ˆGe3 ˆGe2 ˆGe1q, and Bf “ te4, e´13 , e´12 , e1u. tXe,iudim gei“1 is an
orthonormal basis of ge w.r.t. x . yge , and,
pRXeφqpgeq “
d
dt |t“0
pλexpGe ptXeqφqpgeq “
d
dt |t“0
fpexpGeptXeqgeq, Xe P ge,(3.18)
is a right-invariant vector field. We note that by definitionH
pNq
π is invariant under edge inversion
(2.19) and, therefore, it only depends on the level N . Moreover, H
pNq
π is gauge-invariant on
C8pA EpγN qq, i.e.
AdUτγN pgqpHpNqπ q “ HpNqπ , g P GV pγN q.(3.19)
Since Yang-Mills theory has only a single (running) coupling constant, gN , we have two distin-
guished, gauge-invariant, formal limits of H
pNq
π : the strong-coupling limit gN ąą 1,
HpNqs “
g2N
2aγN
ÿ
ePEpγq
`´∆Ge˘,(3.20)
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and the weak-coupling limit gN ăă 1,
HpNqπ,w “
2
aγN g
2
N
ÿ
fPF pγq
`
dπ ´ ℜpTrVπ pMpπf qqq
˘
.(3.21)
It is evident from (3.16) that H
pNq
π and the formal limits H
pNq
s , H
pNq
π,w are symmetric op-
erators on C8pA EpγN qq. It is well-known that HpNqs is essentially self-adjoint with domain
DpHpNqs q “ C8pA EpγN qq. Moreover, for a compact Lie group G, the weak-coupling limit HpNqπ,w
is a multiplication operator with a bounded function in C8pA EpγN qq. Therefore, HpNqπ,w is an
infinitesimal perturbation of the strong-coupling limit H
pNq
s in the sense of the Kato-Rellich
theorem [Kat66, RS75], and H
pNq
π is essentially self-adjoint on DpHpNqs q “ C8pA EpγN qq.
Because of the identities,
1
2
`
∆Ge2 b 1e1 ` 1e2 b∆Ge1
˘
R
teu
te1,e2u
“ Rteute1,e2u∆Ge ,(3.22) `
∆Ge2 b 1e1 ` 1e2 b∆Ge1
˘
R
te2u
te1,e2u
“ Rte2ute1,e2u∆Ge2 ,
and the stability of the domains w.r.t. the inductive system of isometries associated with the
representation of the semi-continuum field algebra on the Hilbert space L2pA q (see section 2.3.3
and use (2.41)),
R
γ
γ1C
8pA Epγqq Ă C8pA Epγ1qq, γ ĂL γ1,(3.23)
we have:
Theorem 3.16. For gN`1 “ 2´1gN , the strong-coupling limits of the Kogut-Susskind Hamil-
tonians, tHpNqs uγPΓD,L , N “ Npγq, form a coherent family of essentially self-adjoint operators.
Thus, there exists an essentially self-adjoint inductive-limit Hamiltonian:
Hs “ limÝÑ
γPΓD,L
HpNqs ,
with domain DpHsq “
Ť
γPΓD,L
C8pA Epγqq Ă L2pA q, which is gauge-invariant:
AdUτ pgqpHsq “ Hs, g P G.
As a consequence of this theorem, we infer the following corollary from the fact that dπp∆Gq “
´cπ1Vπ with cπ ě 0 for any π P Gˆ, cf. [AAJLDM`96].
Corollary 3.17. The Fourier transform, F , diagonalizes the strong-coupling Kogut-Susskind
Hamiltonian, Hs. The spin-network functions form a complete system of eigenvectors for Hs
in L2pA q. In particular, the GNS vector, ΩD,L, satisfies:
HsΩD,L “ 0,
which justifies the name “strong-coupling limit vacuum”, cf. remark 2.33.
Based on the fact that the 1+1-dimensional Kogut-Susskind Hamiltonian (3.16) is equivalent to
its strong-coupling limit (3.20) because the set of faces of a lattice, γ P ΓD,L, is empty, F pγq “ H,
we obtain the vacuum or ground state sector of YM1`1 from theorem 3.16. In this case, the
dimensionless coupling constant, gN , is related to the dimensionful, bare coupling constant, gb,
by
gN „ aγN gb,(3.24)
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where the latter enters the Yang-Mills action in the form, cp. [Cre85, Kog83]:
SrAs “ ´ 1
4g2b
ż
R
dt
ż
Σ
ddx ηikηjlxFij , Fklyg.(3.25)
Here, F “ dA ` A ^ A is the curvature 2-form of the gauge field A (a connection 1-form in a
principal G-bundle P Ñ RˆΣ), and η is a Lorentzian spacetime metric on RˆΣ. Incidentally,
(3.24) together with the assumptions of theorem 3.16 implies
gN`1
aγN`1
“ 2´1 gN
aγN`1
“ gN
aγN
,(3.26)
which is equivalent to a constant string tension
g2N
a2γN
“ const., which leads to a linear potential
of the QQ¯-state in the heavy-quark limit [Kog83], and, thus, a bare coupling, gb, independent
of the level N . Therefore, the coherent family of Kogut-Susskind Hamiltonians acquires the
correct scaling, and the bare coupling constant, gb, remains unrenormalized as observed before,
e.g. [Wit91, ALM`97]. We recover the well-known structure of the holonomy or Wilson loop
observables [Wit91, Dim96, ALM`97], i.e. denoting by cπ, π P Gˆ, the eigenvalues of ´∆G as
above and by χπ “ TrVπ pπq P CpGq – CpA Epγ0qq, we have in agreement with corollary 3.17:
HpNqs α
γ0
γN
pMpχπqqΩγN “ HpNqs Rγ0γN pMpχπqΩγ0q “ Rγ0γN pHp0qs MpχπqΩγ0q(3.27)
“ 1
2
cπLg
2
bR
γ0
γN
pMpχπqΩγ0q “ 12cπLg2bαγ0γN pMpχπqqΩγN ,
for any N P N0. This implies that the holonomy observables αγ0pMpχπqq P AD,L generate
eigenvectors of Hs from the strong-coupling limit vacuum ΩD,L:
Hsα
γ0pMpχπqqΩD,L “ 12cπLg2bαγ0pMpχπqqΩD,L,(3.28)
where αγ0 : BpL2pA Epγ0qqq Ñ AD,L is the canonical injective ˚-morphism. Moreover, if we
restrict Hs to the gauge-invariant subspace H
G
D,L Ă HD,L, we will find that ΩD,L is cyclic
for the holonomy observables, because any gauge-invariant spin-network function in one spatial
dimension has only trivial 2-valent intertwiners and, thus, is proportional to αγ0pMpχπqqΩD,L P
L2pA q for some π P Gˆ, see e.g. [Thi08].
Remark 3.18. The existence of the 1+1-dimensional Kogut-Susskind Hamiltonian, Hs, might
seem to contradict the results in [DH99], but this is only apparent because the Hilbert space,
L2pWL“1pGq, ρ˜sq, on the Wiener or based path group, WL“1pGq “ th P Cpr0, 1s, Gq | hp0q “ eu,
of G (with Wiener measure of “inverse mass” s ą 0) constructed there differs from L2pA q. In
section 3.3.3, we explain how the former can be obtained as a representation of the subalgebra
CpA q of the semi-continuum field algebra AD,L for a compact Lie group G. We also give an
argument that said representation is related to the weak-coupling limit of the Kogut-Susskind
Hamiltonian (3.21).
3.3.1. The heat-kernel state. After these introductory remarks on the Kogut-Susskind Hamil-
tonian and, especially, its strong-coupling limit, we now define the heat-kernel states. For this
purpose, we recall that the heat kernel, ρβ, β ą 0, on a compact Lie group G is the fundamental
solution at 1G to the heat equation, cf. [Hal94] and references therein:
d
dβ
ρβ “ 1
2
∆Gρβ, lim
βÑ0`
ρβ “ δ1G .(3.29)
It is known that ρβ is a smooth, real, strictly positive class-function with locally uniformly
convergent Fourier series:
ρβ “
ÿ
πPGˆ
dπ e
´β
2
cπχπ.(3.30)
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From the Fourier series of ρβ, we deduce that it has unit mass w.r.t. the normalized Haar measure
on G: ż
G
dg ρβpgq “ 1.(3.31)
Because of (3.29), we can use the integrated left regular representation to have an explicit
expression for the Gibbs states on BpL2pGqq associated with the Hamiltonian H “ ´1
2
∆G:
ωβpaq “ Zpβq´1 TrL2pλpρβ b 1qaq “ Zpβq´1 TrL2pe´βHaq,(3.32)
Zpβq “ TrL2pλpρβ b 1qq “ TrL2pe´βHq “ ρβp1Gq,
for a P BpL2pGqq and any β ą 0. Moreover, due to our general observations in 2.3.3 and,
notably, (2.46) & (2.47), we have a coherent family of states for any β ą 0,
ω
pγq
β paγq “ pZpγqpβqq´1 TrL2pλpγqpFγpβqqaγq, γ P ΓD,L(3.33)
where Fγpβq “
Â
ePEpγqpρβ b 1qe, Zpγqpβq “ ρβp1Gq|Epγq|, and aγ P BpL2pA Epγqqq. Therefore,
we have a (projective) limit state,
ωβ,D,L “ limÐÝ
γPΓD,L
ω
pγq
β ,(3.34)
on the semi-continuum field algebra AD,L, which we call the heat-kernel state (at β ą 0). By
construction ωβ,D,L is gauge-invariant,
ωβ,D,L ˝ ατ pgq “ ωβ,D,L, g P G,(3.35)
because ρβ is a class function, and, thus, the action of the gauge group G is unitarily implemented
on the semi-continuum von-Neumann field algebra Mβ,D,L, cf. proposition 2.18.
Remark 3.19. We infer from (3.30) that
lim
βÑ8
ρβ “ 1
in CpGq, which entails
lim
βÑ8
ÿ
πPGˆztπtrivu
d2π e
´β
2
cπ “ 0.
This, in turn, is equivalent to
lim
βÑ8
TrL2p|e´βH ´ p1|q “ 0
where p1 is the projection onto 1 P L2pGq. By generalization to an arbitrary finite number of
copies of G, we have the existence of the weak limits,
lim
βÑ8
ω
pγq
β “ ωpγq, γ P ΓD,L,
with ωpγq given by (2.38) – the strong-coupling vacuum of γ. Thus, ωβ,D,L converges weakly
to ωD,L on the dense ˚-subalgebra
Ť
γPΓD,L
αγpBpL2pA Epγqqqq Ă AD,L, which implies weak
convergence everywhere.
By extending the relation expressed in (3.32) to the product of an arbitrary finite number of
copies of G, we identify the states ω
pγq
β , γ P ΓD,L as the Gibbs states of the Kogut-Susskind
Hamiltonian in the strong-coupling limit:
λpγqpFγpβNg
2
N
aγN
qq “ e´βNHpNqs ,(3.36)
where we allow for an explicit dependence of the inverse temperature βN on the level N P N0.
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In 1+1 dimensions, where the Kogut-Susskind Hamiltonian coincides with its strong-coupling
limit, this implies that the finite-temperature Gibbs states of Yang-Mills theory on the directed
family of lattices ΓD,L form a coherent family for:
βNg
2
N
aγN
“ const. as a function of N.(3.37)
If we adopt the same scaling (or renormalization) of gN as in the strong-coupling vacuum (3.24),
we will have:
βN „ a´1γN g´2b .(3.38)
This indicates that (formally) ωβ,D,L resembles a ground state, limNÑ8 βN “ 8, of the strong-
coupling Kogut-Susskind Hamiltonian, Hs, for any initial choice of β0 – a point of view that is
further justified by the results presented in [BS19] on the type of Mβ,D,L, cp. also section 3.4.
3.3.2. Inhomogeneous heat-kernel states. There is an immediate generalization of the heat-kernel
states defined in the previous section which we call inhomogeneous heat-kernel states. While
the former are associated with constant βN ą 0 at every level N P N0, the latter are given by
potentially nonconstant functions βN : EpγN q Ñ Rą0. A coherent family of states tωpγN qβN uNPN0
can be constructed in the following way:
We consider to initial values β0,L, β1,R ą 0, and we set β0 “ β0,L respectively β0 “ β1,R de-
pending on whether we choose the orientation of the single edge e P Epγ0q to be oriented to
the left or to the right. We realize the Gibbs state ω
pγ0q
β0
accordingly. Next, we set β1peq “
β0,Laγ1g
´2
1 or β1,Raγ1g
´2
1 for e P Epγ1q oriented to the left or to the right respectively. Defining
ω
pγ1q
β1
“ bePEpγ1qωβ1peq gives ωpγ1qβ1 ˝ α
γ0
γ1 “ ωpγ0qβ0 . Clearly, we may define ω
pγ2q
β2
by repeating the
refinement from ω
pγ0q
β0
to ω
pγ1q
β1
for the tensor factors ωβ1peq, e P Epγ2q, separately. This involves
a choice of two additional values β 1
2
,L, β 1
2
,R ą 0 associated with the edges containing the vertex
L
2
P V pγ2q, and results in a function β2 : Epγ2q Ñ Rą0. We define ωpγ2qβ2 “ bePEpγ2qωβ2peq.
Iterating this procedure, we realize that the functions βN : EpγN q Ñ Rą0 are obtained from
two freely specified sequences tβd,LudPD and tβd,RudPD with the convention β0,R “ β1,R. The
(projective) limit state,
ωpβL,βRq,D,L “ limÐÝ
NPN0
ω
pγN q
βN
,(3.39)
on AD,L is the inhomogeneous heat-kernel state (at pβL, βRq). Again, because ρβ is a class
function, ωpβL,βRq,D,L is gauge-invariant, and we have unitary action of the gauge group G on
MpβL,βRq,D,L.
It is shown in our companion paper [BS19] that the properties of the semi-continuum von-
Neumann field algebra Mβ,D,L and the extendibility of Jones’ actions of Thompson’s groups
(subsection 3.1), may depend sensitively on the properties of the sequences tβd,LudPD and
tβd,RudPD, e.g. their p-summability. Therefore, we infer that the nature of a full continuum
limit is affected by these properties as well, cp. section 4.
3.3.3. The dual heat-kernel state. As another state intimately connected to the Kogut-Susskind
Hamiltonian and its weak-coupling limit (3.21) (see below and also 5.2.1), we introduce the
dual heat-kernel states. For simplicity, we first consider G “ Up1q and its unitary dual Gˆ “ Z.
Associated with the latter is the pair of inductive/projective systems of topological groups resp.
spaces pZ,A Zq, see corollary 2.16.
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We consider the state ωβ : Bpℓ2pZqq Ñ C defined by the trace-class operator
λpFβq “
ÿ
m1PZ
Fβpm1qλm1 ,(3.40)
where Fβpm1q “ δ0,m1ρpZqβ P ℓ1pZq. ρpZqβ is the (dual) heat kernel on Z w.r.t. the discrete
Laplacian p∆pZqφqpmq “ řn:|m´n|“1pφpmq ´ φpnqq, i.e.:
d
dβ
ρ
pZq
β “ ´
1
2
∆pZqρ
pZq
β ,(3.41)
lim
βÑ0`
ρ
pZq
β “ δ0.(3.42)
Clearly, λpFβq “MpρpZqβ q is positive, ρpZqβ ě 0, self-adjoint, pρpZqβ q˚ “ ρpZqβ , and normalized:
Trℓ2pλpFβqq “
ÿ
mPZ
ρ
pZq
β pmq “ 1.(3.43)
Because Bpℓ2pZqq – ℓ8pZq ¸ Z as von Neumann algebras, we find that ωβ is the canonical
crossed-product extension [KR86] of the measure associated with ρ
pZq
β by
ℓ8pZq Q f ÞÝÑ ρpZqβ pfq “
ÿ
mPZ
ρ
pZq
β pmqfpmq P C.(3.44)
Namely, for a “ řm1PZ Fapm1qλm1 P Bpℓ2pZqq, we have:
ωβpaq “ ρpZqβ pFap0qq.(3.45)
An explicit expression for ρ
pZq
β is given in terms of modified Bessel functions of the first kind
Impβq, m P Z via Fourier transform:
ρ
pZq
β pmq “
ż
S
dϕ
2π
e´
β
2
λpϕqχϕpmq “ e´βImpβq,(3.46)
p∆pZqχϕqpmq “ 2p1´ cospϕqqlooooooomooooooon
“λpϕq
χϕpmq.
Using the notation introduced in subsection 3.2.2, we define a consistent family of tensor product
states based on ωβ for the C
˚-inductive limit AD,L associated with the pair pZ,A Zq:
ω
pγptqq
tβtu
“ bσPPtωβtpσq, t P T,(3.47)
where βt : Pt Ñ Rą0. The family of states will be coherent if we choose βtpσq “ β|Iσ | for some
fixed β ą 0 and |Iσ| the length of the interval Iσ for σ P Pt. We call the resulting projective-limit
state,
ωβ,D,L “ limÐÝ
tPT
ω
pγptqq
tβtu
,(3.48)
on AD,L the dual heat-kernel state as it is naturally associated with a discrete group instead of
a compact group as in the case of the heat-kernel state. More specifically, while the heat-kernel
state results in a crossed-product construction for the pair pZfr,WD,LpZqq together with an
infinite-product measure mLDβ via Fourier duality with the pair pUp1q,A Up1qq (see [BS19]), the
dual heat-kernel state can be interpreted as a crossed-product construction for pZfr,WD,LpZqq
with a infinite-convolution measure m˚LDβ via the holonomy map (see especially theorem 3.15).
It is clear from the construction that the action of an element k˜ P Zfr affects the convolution
measure m˚LDβ only at the finite number of discontinuities of k˜. But, it is so far not clear
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whether k˜˚m
˚LD
β and m
˚LD
β are equivalent. Independent of the latter, we can mimic the action
of the gauge group SLD ñ WD,LpSq in the Fourier domain by the point-wise group operation
ZLD ñ WD,LpZq. Although, it should be noted that the use of SLD resp. ZLD is a kind of
maximal choice for the gauge transformations and by no means necessary. For example, we
could also use SpLDq resp. ZpLDq as a kind of minimal choice.
An important question about the dual heat-kernel state concerns its gauge invariance. Because
of theorem 3.15, there are two possible notions of gauge transformations associated with the
pair pZ,A Zq: we may either interpret the latter as a Z-gauge theory or a Up1q-gauge theory.
The first choice leads to the following gauge transformations for a P Bpℓ2pA Epγptqq
Z
qq, t P T:
α
pγptqq
k pFaqpnσ1 ,mσ1 ; ...;nσnptq ,mσnptqq(3.49)
“ Fapnσ1 ,´kσ0 `mσ1 ` kσ1 ; ...;nσnptq ,´kσnptq´1 `mσnptq ` kσnptqq, k P ZV pγptqq,
with convolution kernel Fa s.t. λpFaq “ a. The second choice results in:
αpγptqqg pFaqpnσ1 ,mσ1 ; ...;nσnptq ,mσnptqq(3.50)
“ pg´1σ0 gσnptqqnσ1 ...pg´1σnptq´1gσnptqq
nσnptqFapnσ1 ,mσ1 ; ...;nσnptq ,mσnptqq, g P Up1qV pγptqq.
A direct calculation shows that the family (3.47) is invariant under the latter transformations
but not the former. Thus, the dual heat-kernel state is gauge-invariant for the action of Up1q
resulting from (3.50) but not for the action of Z resulting from (3.49). Nevertheless, we explain
below that its is possible to find a substitute for the action of Z w.r.t. the representation induced
by the dual heat-kernel state.
We note that the construction of the dual heat-kernel state extends partially to the compact
pair pUp1q,A Up1qq, and more generally to any pair pG,A q with G a compact Lie group. More
precisely, we define a state on the C˚-subalgebra CpA q Ă AD,L (i.e. dropping the left action by
G) by a consistent family as in (3.47) using ρ
pGq
β “
ř
πPGˆ e
´β
2
λπχπ instead of ρ
pZq
β . Unfortunately,
this state does not easily extend to AD,L by means of an explicit formula because MpρpGqβ q is
not trace-class in BpL2pGqq. Nevertheless, by the Hahn-Banach theorem the existence of an
extension is ensured. Moreover, the dual heat-kernel state is connected to the weak-coupling
limit of the Kogut-Susskind Hamiltonian in the following sense:
For H
pNq
π,w as in (3.21), we have an asymptotic equality (up to some normalization constant),
e´βNH
pNq
π,w „
ź
fPF pγq
ρ
pGq
aγN
g2
N
βN
pgf q, βNaγN g2N Ñ8(3.51)
as functions on A Epγq. In the context of Euclidean quantum field theory, these two expressions
are known as the Wilson action and generalized Villain action respectively [Vil75, ID89]. Now,
naively these expressions vanish in dimension d “ 1 because there are no 2-dimensional faces
in this case, i.e. F pγq “ H. But, if we think of a face, f P F pγq, as being bounded by edges,
e`, e´ P Epγq, B˘e˘ “ f , we may identify faces with vertices, F pγq ” V pγq. Therefore, a
possible interpretation of the weak-coupling limit in dimension d “ 1 is given by:
e´βNH
pNq
π,w „
ź
ePEpγq
ρ
pGq
aγN
g2
N
βN
pgeq,(3.52)
where a holonomy around a face f (see figure 10) is given by a holonomy along a bounding
edge e, B˘e˘ “ f . Thus, the product over faces, F pγq, is replaced with a product over edges,
e P Epγq. Now, we observe that (3.52) is precisely the convolution kernel of (3.47), and we
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obtain a consistent choice of states for
g2N
βN
“ const. as a function of N,(3.53)
which should be contrasted with the scaling relation in the strong-coupling limit (3.37).
Remark 3.20. Taking a closer look at equation (3.46), we note that the Fourier transform of
the heat kernel on Z corresponds to the Boltzmann weight of the Op2q-vector model. More
precisely, the Boltzmann weight pβ for the relative angle φ between two neighboring vectors
n, n1 P S “ Up1q is (up to a normalization):
pβpφq “ e´
β
2
λpφq, λpφq “ 2p1´ cospφqq.
We return to this observation and potentially interesting applications of the dual heat-kernel
state to the related Op2q-quantum rotor model [Sac11] in section 5.1.
In view of section 4, we note that the dual heat-kernel state yields a paradigm for the notion of
a full continuum limit. By construction (using the holonomy map) this state, when restricted
to CpA q, is nothing but the Wiener measure µW on CpWD,LpGqq because D Ă r0, 1q is dense
(see section 3.4 for further details). Therefore, we can restrict the support of the state to
WLpGq “ th P CpLD, Gq | hp0q “ eu since the latter has full measure. In view of the gauge-
invariance of the dual heat-kernel state, we observe that an interpretation as G-gauge theory, in
this case corresponding to the transformations (3.49), is possible for the following reason: If we
choose the gauge group HepGq Ă GLD, i.e. the Sobolev-Lie group of finite-energy loops, we will
obtain a unitarizable (left) action on L2pWLpGq, µW q because µW is quasi-invariant (cf. [DH99,
AHKM`93]). By a result of Albeverio et al. [AHKTV83] the corresponding representation of
HepGq in UpL2pWLpGq, µW qq is factorial for G “ SUp2q10. For abelian G this action of the gauge
group HepGq also allows us to reintroduce a notion of momenta (corresponding to the action of
holpGq “ Gfr ĂWD,LpGq) because of corollary 3.13, but for nonabelian G the situation remains
somewhat unclear.
3.4. The global and local von-Neumann field algebras. Before we discuss the structure of
the global and local von-Neumann field algebras in view of the results of our companion article
[BS19], we show the existence of a peculiar isomorphism of the semi-continuum field algebra AD,L
with the infinite C˚-tensor product BD,L “
Âmin
dPDBpL2pGqqb211. This isomorphism provides
a link with tensor network renormalization and the multi-scale entanglement renormalization
ansatz (MERA) [Vid08, EV16] as will be explained below. Moreover, its construction is similar
to that of an isomorphism between two AF algebras with identical Bratteli diagrams [EK98],
cp. also proposition 3.1.
Proposition 3.21 (A natural equivalence with the infinite tensor product). There exists an
isomorphism of C˚-algebras
η : AD,L ÝÑ BD,L.
Proof. As in proposition 3.1, we think of AD,L as the inductive limit along the cofinal sequence of
lattices, limÝÑtγN uNPN0 BpL
2pA EpγN qqq “ AD,L. The inductive system tBpL2pA EpγN qqq, αγNγN`1uNPN0
10The factor will be of type III, if we also take a thermodynamic limit.
11The construction of this isomorphism easily extends to the 1 ` d-dimensional case by invoking a cofinal
sequence of lattices.
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results from an iteration of the injective ˚-morphisms
αL : BpL2pGeqq ÝÑ BpL2pGe2 ˆGe1qq,
a ÞÝÑ U˚L pab 1e1qUL,
αR : BpL2pGeqq ÝÑ BpL2pGe2 ˆGe1qq,
a ÞÝÑ V ˚R p1e2 b aqVR,
while BD,L corresponds to the inductive system tBpL2pA EpγN qqq, pαtrivqγNγN`1uNPN0 resulting
from an iteration of the left and right tensor-factor embeddings
pαtrivqL : BpL2pGeqq ÝÑ BpL2pGe2 ˆGe1qq,
a ÞÝÑ ab 1e1 ,
pαtrivqR : BpL2pGeqq ÝÑ BpL2pGe2 ˆGe1qq,
a ÞÝÑ 1e2 b a.
Without loss of generality we assume the orientation of the initial element, γ0, of the cofinal
sequence to be to the left. We inductively obtain a sequence tηNuNPN0 with initial elements
ζ0 “ id, η1 “ AdUL. Assuming that ηN “ AdUN has been constructed up to some N P N0 with
a unitary UN P UpL2pA EpγN qqq. Then, we define UN`1 by
AdUN`1 ˝αγNγN`1 “ pαtrivqγNγN`1 ˝ AdUN “ AdpαtrivqγNγN`1 pUN q ˝ pαtrivq
γN
γN`1
,
which is possible because both αγNγN`1 and pαtrivqγNγN`1 are unitarily conjugate to one another by
construction. From this we infer the existence of the inductive limit limÝÑNPN0 ηN “ η, cf. [EK98].

Now, the link with the MERA arises as follows: Given a state ωD,L on AD,L, the system of
˚-morphisms tpαtrivqγNγN`1uNPN0 descends via GNS construction to a system of MERA isometries
while the intertwining unitaries between the former and the ˚-morphisms defining AD,L are the
MERA disentanglers. More generally, if we consider a MERA with basic refining operation at
the level of Hilbert spaces,
R : L2pA Epγqq ÝÑ L2pA Epγ1qq,(3.54)
ψEpγq ÞÝÑ U
´
ψEpγq b 1bEpγ
1qzEpγq
¯
,
for some γ ĂL γ1 and an associated inclusion of edges Epγq Ă Epγ1q together with a disentangler
U P UpL2pA Epγ1qqq, we can form a compatible basic refining ˚-morphism, cp. also [MO18]:
αR : BpL2pA Epγqqq ÝÑ BpL2pA Epγ1qqq,(3.55)
aEpγq ÞÝÑ U
`
aEpγq b 1Epγ1qzEpγq
˘
U˚,
such that
αRpaEpγqqRpΨEpγqq “ RpaEpγqΨEpγqq.(3.56)
It is important to distinguish αR from the adjoint action, AdRp . q “ Rp . qR˚, which is also
compatible in the above sense, cp. remark 2.29:
AdRpaEpγqqRpΨEpγqq “ RpaEpγqΨEpγqq.(3.57)
We return to the discussion of the difference between αR and AdR in section 4.
Remark 3.22 (Local algebras). Although, η provides a natural isomorphism between the C˚-
algebras AD,L andBD,L (it is a natural equivalence of the associated tensor functors, cf. [BS19]),
it does not preserve their locality structures, cp. corollary 2.28. Phrased in another way, this
means that the underlying inductive systems corresponds to different systems of local fields. To
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see this, we consider exemplarily the local algebras AD,Lpr0, L2 `εqYpL´ε, Lsq and BD,Lpr0, L2 `
εq Y pL ´ ε, Lsq for some 0 ă ε ă L
2
and periodic boundary conditions (Σ “ TdL). Clearly,
BD,Lpr0, L2 `εqYpL´ε, Lsq contains the equivalence class generated by elementsMpfq, const. ‰
f P CpA Epγ0qq, because αγ0γ1paq “ a b 1 for all a P BpL2pA Epγ0qqq. But, the equivalence class
generated by η´11 pMpfqb1q “ U˚LpMpfqb1qUL “Mpf˝pγ1γ0q is not in AD,Lpr0, L2`εqYpL´ε, Lsq
by proposition 2.15.
Remark 3.23 (Non-equivariance). It is important to note, that the action of Thompson’s
group F (see section 3.1) is not equivariant w.r.t. the natural isomorphism η : AD,L ÝÑ BD,L.
Consider, for example, an elementary tensor ab b P BpL2pA Epγ1qqq and f P F with
f »
which results in
f ¨ pab bq » RL R
a b 1 b b »
RL R
a b 1 b b
for the action on BD,L. We compare this with the action on AD,L by finding the corresponding
expression for
η
L R R
pf ¨ η´11 pab bqq,
where we use the extension of η to (intermediate) incomplete dyadic trees respectively lattices,
i.e.
η
L R R
: BpL2pA Epγqqq ÝÑ BpL2pA Epγqqq
is the restriction of η to the algebras associated with γ1 ĂL γ »
L R R
ĂL γ2. Using the defining
relation of η (see proposition 3.21), we find:
η
L R R
pf ¨ η´11 pab bqq » RL R
Upa b 1b bqU˚
,
where the unitary
U “ U
L R R
U˚
L R R
is given in terms of the unitaries implementing η. A simple but tedious computation shows that:
pUψqpge3 , ge2 , ge1q “ ψpge3αg´1e1 pg
´1
e2 q, ge2 , ge1q, ψ P CcpGe3 ˆGe2 ˆGe1q,
which implies the non-equivariance.
Following these initial observations regarding the structure of the semi-continuum field algebra
AD,L, we turn to the discussion of the semi-continuum von-Neumann field algebras. As we
explained in section 3.3, there are three natural classes of states associated with the strong- and
weak-coupling limits of the Kogut-Susskind Hamiltonian for YM1`1.
The first and in some sense most elementary class is given by the heat-kernel states, ωβ,D,L,
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β P Rą0 with potentially well-defined limiting cases ω0,D,L and ω8,D,L. In our companion paper
[BS19, Theorem 3.12], we give precise description of the semi-continuum von-Neumann algebra,
ÐÝ
M β,D,L “ πωβ,D,Lp
ÐÝ
AD,Lq,(3.58)
when G is compact, separable and abelian. Here, we treat
ÐÝ
AD,L as a C
˚-subalgebra AD,L
because of the natural inclusion stated in remark 3.3. In this case, we know from the analysis
in section 3.2.1 that
ÐÝ
AD,L can described in terms of the (discrete) dual pair pGˆfr,WD,LpGˆqq
via Fourier duality. The heat-kernel state ωβ,D,L is then determined by the Borel probability
measure on pGˆ,BpGˆqq,
mβpAq “
ÿ
πmnPAPBpGˆq
mβptπmnuq, mβptπmnuq “ ρβp1Gq´1dπe´
β
2
cπδmn,(3.59)
as this gives the Gibbs state ωβ according to
ωβpaq “ TrL2pλphmβ b 1qaq, hmβ “
ÿ
πPGˆ
dπÿ
m,n“1
mβptπmnuqπmn,(3.60)
for a P BpL2pGqq. Conversely, any Borel probability measure m determines a state ωm via
the trace-class operator λphm b 1q and, thus, by remark 2.33 a limit state ωm,D,L. Clearly, a
representation π P Gˆ is one-dimensional for abelian G such that we may drop the reference to an
orthonormal basis of the representation space Vπ. Nevertheless, we state the more complicated
formulae (3.59) and (3.60) as they remain valid for nonabelian G.
To restate [BS19, Theorem 3.12] in a way adapted to notation of this article, we consider the
subgroup N Ă Gˆ preserving m under pushforward, i.e. k˚m “ m for k P Gˆ, which induces the
subgroup Nfr Ă Gfr. For a section σ : Gˆfr{Nfr Ñ Gˆfr we consider the cocycle
κ : Gˆfr ˆ Gˆfr{Nfr ÝÑ Nfr, pk, rk1sq ÞÝÑ σpkrk1sq´1kσprk1sq,(3.61)
and the group action
Gˆfr ñ pWD,LpGˆq ˆ Gˆfr{Nfrq, k ¨ pz, rk1sq “ pκpk, rk1sq z, krk1sq.(3.62)
Using the latter, we form the crossed-product von Neumann algebra
ÐÝ
Bm,D,L “ L8pWD,LpGˆq ˆ Gˆfr{Nfr,bdPLD‰0mb µcq ¸ Gˆfr,(3.63)
where µc is the counting measure on Gˆfr{Nfr. There is a specific normal state on ÐÝBm,D,L given
by
̟D,L
¨
˝ ÿ
kPGˆfr
fk uk
˛
‚“ ż
WD,LpGˆq
f1
Gˆfr
pz, r1
Gˆfr
sq dbdPLD‰0 mpzq,(3.64)
where, for k P Gˆfr, fk P L8pWD,LpGˆq ˆ Gˆfr{Nfr,bdPLD‰0m b µcq and uk denotes the unitary
of
ÐÝ
Bm,D,L implementing the action. There is a natural action of Thompson’s group V ñ LD
induced by its action on the unit interval and rescaling. This induces an action on GˆLD by
shifting tensor indices which descends to the subgroups WD,LpGˆq and Gˆfr and passes to the
quotient Gˆfr{Nfr. This way we obtain an action V ñ ÐÝBm,D,L:
v ¨
¨
˝ ÿ
kPGˆfr
fk uk
˛
‚“ ÿ
kPGˆfr
pv´1q˚fk uvk,(3.65)
for v P V , fk P L8pWD,LpGˆq ˆ Gˆfr{Nfr,bdPLD‰0mb µcq. It is an immediate consequence that
̟D,L is invariant under this action. Now, we have:
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Theorem 3.24. Let G be a compact abelian separable group and m a strictly positive Borel
probability measure. We have a state-preserving isomorphism of von Neumann algebras
pÐÝMm,D,L, ωm,D,LqÝ˜ÑpÐÝBm,D,L,̟D,Lq
and in particular
ÐÝ
Mm,D,L does not have any type III component. Moreover, the Jones action
of Thompson’s group, V ñ
ÐÝ
Mm,D,L, preserves the state ωm,D,L and is conjugate to the Jones
action V ñ
ÐÝ
Bm,D,L.
If Gˆ is torsion free (e.g. G “ Up1q), then pÐÝMm,D,L, ωm,D,Lq is isomorphic to
pL8pWD,LpGˆq,bdPLD‰0mqbBpℓ2pGˆfrqq,bdPLD‰0mb xδe, . δeyq,
which is a type I8 von Neumann algebra with a diffuse center and equipped with a non-faithful
state.
If G is a finite group and m is Gˆ-invariant (i.e. m is the normalized Haar measure of Gˆ), then
pÐÝMm,D,L, ωm,D,Lq is isomorphic to the hyperfinite type II1 factor equipped with its trace.
Remarkably, the theorem gives a very precise description of the limit algebra
ÐÝ
M β,D,L as an
explicitly realized crossed-product von Neumann algebra. In accordance with the discussion
of the temperature scaling of heat-kernel state ωβ,D,L (see (3.37) and (3.38)), the absence of
any type III component implies that we should not interpret ωβ,D,L as a finite-temperature
equilibrium state as said property contradicts the KMS condition. Especially, considering the
important cases G “ Up1q or G “ Zn Ă Up1q, n P N, we infer that ÐÝM β,D,L is a type I8 von
Neumann algebra and the heat-kernel state is not faithful. The main reason behind the generic
non-faithfulness of the heat-kernel state and the type I8 situation is the singular nature of the
action Gˆfr ñ pWD,LpGˆq,bdPLD‰0mq by Kakutani’s theorem [Kak48], see [BS19, Theorem 3.11].
An exception to the generic situation may occur whenever Gˆ has torsion and, specifically, if G
is a finite group. In the latter case, if m “ m
Gˆ
is the normalized Haar measure, we will have a
non-singular action Gˆfr ñ pWD,LpGˆq,bdPLD‰0mq, and the heat-kernel state will correspond to
the limiting case ωβ“0,D,L, i.e. a tracial infinite-temperature state, leading to a type II1 situation.
For infinite G, the infinite-temperature state ω0,D,L is ill-defined because the non-normalized
basic building block is only a tracial weight, i.e. limβÑ0` Zpβqωβ “ TrL2 .
Theorem 3.24 also leads to the conclusion that it is impossible to define a time-evolution group
on
ÐÝ
M β,D,L by means of Tomita-Takesaki theory. More precisely, even though the restric-
tions ω
pγN q
β , N P N0, to finite levels are faithful states and induce time-evolution groups via
Tomita-Takesaki theory with modular operators related to the Kogut-Susskind Hamiltonians,
i.e. log∆
pNq
β 9HpNq “ HpNqs , the limit state ωβ,D,L falls short of this property. Also the restric-
tion of ωβ,D,L to its support, i.e. E
ÐÝ
M β,D,LE for some maximal family of orthogonal projections
tEiuiPI Ă Mβ,D,L such that
ωβ,D,Lp1´ Eq “ ωβ,D,Lp
ÿ
ıPI
Eiq “ 0,(3.66)
necessarily leads to a tracial state and, thus, a trivial modular operator ∆β,D,L,E.
Although, as stated above, theorem 3.24 only applies to the global von-Neumann field algebraÐÝ
M β,D,L, it easily extends to the local von-Neumann field algebras
ÐÝ
M β,D,LpSq by restricting the
set LD to its appropriately localized counterpart LDpSq, cf. [BS19, Section 2.6] for details.
Remark 3.25. The Jones’ action of V ñ AD,L preserves the heat-kernel states ωβ,D,L also for
nonabelian compact groups G, because the invariance in solely due to the assignment of some
ωβ with constant β ą 0 to each “edge algebra” BpL2pGeqq, e P EpγN q at level N P N0. This
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observation will apply to more general groups or other objects like quantum groups as well, if
an analogue of the heat-kernel state is defined.
Remark 3.26. So far, we have only explained how theorem 3.24 clarifies the structure of the
von Neumann algebra associated with pÐÝAD,L, ωβ,D,Lq, but it is evident from the structure of
the proofs presented [BS19] that our analysis carries over to situation involving the full field
algebra pAD,L, ωβ,D,Lq with minor adaptions mainly due to changing the sequence of lattices
from t ~γNuNPN0 to tγNuNPN0 . But, it is important to note that ωβ,D,L is not invariant under
the isomorphism ζ : AD,L Ñ ÐÝAD,L, see proposition 3.1 and remark 3.2. Namely, restricting to
level N “ 2, we have:
ωb4β ˝ ζ2 “ ωb4β ˝ AdU2 ,
where U2 “ 1b 1b ULpUι b 1qU˚L . But, because
pULpUι b 1qU˚Lψqpg2, g1q “ ψppg1g2g1q´1, g1q,
for ψ P CpGˆ2q, we find:
ωb4β ˝ ζ2 ‰ ωb4β .
As explained in remark 3.19, it is possible to define as a limit case the heat-kernel state ωβ“8,D,L
which is equivalent to the strong-coupling vacuum introduced in section 2.3.3. This case is not
explicitly covered by theorem 3.24, but it is easy to see that ω8,D,L is a pure state, corre-
sponding to the degenerate probability measure mptπmnuq “ δπ,πtrivδm,0δn,0, which leads to an
irreducible faithful representation of AD,L. Therefore, M8,D,L “ BpL2pA qq which is type I8.
Moreover, theorem 3.16 allows us to define the time evolution group AdU´t , t P R, on M8,D,L
with Ut “ e´itHs given by the strong-coupling limit of the Kogut-Susskind Hamiltonian.
Concerning the local von-Neumann field algebras, it is possible to introduce the local spacetime
von-Neumann field algebras, at least for the strong-coupling vacuum following standard reason-
ing, see e.g. [GJ85]:
For any bounded open region of spacetime, O Ă RˆΣ, with time slices Optq “ tx |pt, xq P Ou Ă
Σ, t P R, that are open star domains, we define the local spacetime von-Neumann field algebra
by:
M8,D,LpOq “
ď
tPR
AdU´t pM8,D,LpOptqqq ,(3.67)
which satisfy Einstein causality becauseHs has propagation speed c “ 0 (see remark 3.27 below).
The reason for the vanishing propagation speed is the gauge invariance of the model, i.e. YM1`1
has no local but only global propagating degrees of freedom (see section 3.5)
Remark 3.27. In general, (3.67) makes sense as definition of the local spacetime von-Neumann
field algebras, whenever we are able to establish finite propagation speed c ă 0 for the time
evolution AdU´t associated with a pair pAD,L, ωD,Lq, i.e.
AdU´t pMD,LpSqq Ă MD,LpSctq,
where Sct “ tx P Σ | dΣpx,Sq ă c|t|u and dΣ is the metric distance on Σ. Indeed, given a
finite propagation speed c, spatial locality and isotony implies Einstein causality and spacetime
isotony, cf. corollary 2.28.
Interestingly, there is also the possibility to consider the counterparts of the local spacetime
von-Neumann field algebras at finite level N P N0:
BpL2pA EpγN qqqpOq “
ď
tPR
Ad
U
pNq
´t
´
BpL2pA EppγN qOptqqqq
¯
,
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where we use the notation of definition 2.26, and U
pNq
t “ e´itH
pNq
is time-evolution group of the
presumed approximate Hamiltonian at level N . These algebras do not satisfy Einstein causality,
but in favorable cases an approximate form of the latter may hold due to Lieb-Robinson bounds
[LR72, NS10, NRSS09]. Strict Einstein causality might be recovered in suitable continuum
limits, see [Osb19] for an argument in this direction, and [MMST19] for a proof in the case of
scalar free fields on the lattice.
The second class of semi-continuum von-Neumann field algebras results from the inhomogeneous
heat-kernel states ωpβL,βRq,D,L parametrized by two sequences tβd,LudPD and tβd,RudPD. Again,
we restrict attention to the structure of the von Neumann subalgebra
ÐÝ
M βL,D,L Ă MpβL,βRq,D,L
which only depends on the sequence tβd,LudPD as a consequence of remark 3.3. Similarly to
the first class, the analysis extends to the full global von-Neumann field algebra MpβL,βRq,D,L
with only minor complications. For simplicity, we restrict the discussion of the second class
to the case G “ Up1q, but there appear to be no major obstacles to generalize the results to
arbitrary separable, compact abelian groups. Using Fourier duality again, the major difference
in comparison with the (homogeneous) heat-kernel state is the replacement of the measure
space pWD,LpGˆq,bdPLD‰0mβq by pWD,LpGˆq,bdPLD‰0mβd,Lq. Thus, the structure of
ÐÝ
M βL,D,L is
essentially determined by the action Gˆfr ñ pWD,LpGˆq,bdPLD‰0mβd,Lq. The first indication that
this entails a change in algebraic structure is given by the following proposition – again as a
result of Kakutani’s theorem, cf. [BS19, Proposition 3.15]:
Proposition 3.28. For G “ Up1q and Gˆ “ Z, the action θ : Zfr ñ pWD,LpZq,bdPLD‰0mβd,Lq
is nonsingular if and only if βL P ℓ1pDq, i.e.
ř
dPD βd,L ă 8.
Subsequently, we conclude that
ÐÝ
M βL,D,L has the structure of a crossed-product von Neumann
algebra for the above action:
Theorem 3.29. Assume βL P ℓ1pDq, then there exists an isomorphism of von Neumann alge-
bras,
J :
ÐÝ
M βL,D,L ÝÑ L8pWD,LpZq,bdPLD‰0mβd,Lq ¸Zfr,
satisfying
ωpβL,βRq,D,L ˝ J´1
˜ ÿ
gPZfr
bgug
¸
“
ż
WD,LpZq
b1Zfr
pxq dbdPLD‰0mβd,Lpxq,
where ug, g P Zfr implements the unitary action of Zfr on L8pWD,LpZq,bdPLD‰0mβd,Lq.
Moreover, it is shown in [BS19, Corollary 3.18] that the action, θ : Zfr ñ pWD,LpZq,bdPLD‰0mβd,Lq,
is ergodic for a certain range of βL – not excluding a possibly wider range:
Corollary 3.30. If βL : D ÝÑ Rą0 is p-summable for some 0 ă p ă 12 , then the action
θ : Zfr ñ pWD,LpZq,bdPLD‰0mβd,Lq is ergodic.
From general theorems [KR86, MT03, Bla06], we deduce that the crossed-product von Neumann
algebra of theorem 3.29 is of type III for said range of βL:
Theorem 3.31. Consider βL P ℓppDq with 0 ă p ă 12 , then θ : Zfr ñ pWD,LpZq,bdPLD‰0mβd,Lq
is nonsingular, free, ergodic and of type III. In particular, the von Neumann algebra
ÐÝ
M βL,D,L
is a hyperfinite type III factor.
A family of geometrically motivated examples of βL P ℓppDq with 0 ă p ă 12 is given by
βτd,L “ pd1 ´ dqτ , τ ą 2,(3.68)
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where rd, d1q is the largest standard dyadic interval starting at d P D, i.e. βτd,L “ 2´τn for d “ m2N
with N P N0 and m “ 1, ..., 2N ´ 1 and m mod 2 ” 1. Thus, log βτd,L is proportional to the
level N at which d appears first as a vertex of γN .
In contrast with the heat-kernel states, the inhomogeneous heat-kernel states satisfying the
assumptions of theorem 3.31 lead to a nontrivial time-evolution group which commutes with the
action of the gauge group, i.e. we consider the modular flow,
σ : R ñ
ÐÝ
M βL,D,L, σ
βL
t paq “ ∆itβLa∆´itβL ,(3.69)
where ∆βL is the modular operator of the vector corresponding to ωβL,D,L.
In view of theorem 3.24, the following result indicates that an implementation of the action
of Thompson’s group F is not immediate for the inhomogeneous heat-kernel states (even for
τ ą 1):
Proposition 3.32. Consider βτd,L for τ ą 1, and let bdPLD‰0mβτd,L be the associated measure
on WD,LpZq. Then the generalized Bernoulli action of Thompson’s group F
κ : F ñ WD,LpZq, κf pxqpdq “ xpf´1dq, f P F, x PWD,LpZq, d P D,
is singular w.r.t. the measure bdPLD‰0mβτd,L . In particular, the Jones action F ñ
ÐÝ
AD,L does
not extends to an action on the von Neumann algebra
ÐÝ
M βτ
L
,D,L.
Remark 3.33. In view of the last proposition, remark 3.25 and the geometric nature of Jones’
action V ñ AD,L, we expect that the latter cannot be easily implemented for the inhomogeneous
heat-kernel states even when G is an abelian compact group. We expect encountering similar
problems when G is replaced by a nonabelian compact group or a more general object like a
quantum group or a subfactor.
On the contrary, if we consider only the subgroup of dyadic rotations Rot of Thompson’s group
T , we can get an implementation for any βL of the form (3.68). More generally, we have:
Corollary 3.34. Define ℓ : D Ñ R, d ÞÑ ´ log2pd1 ´ dq, and consider βL : D ÝÑ Rą0 such
that βd,L only depends on ℓpdq, i.e. βL “ b ˝ ℓ for some function b. We restrict the action
of T ñ pWD,LpZq,bdPLD‰0mβd,Lq to the rotation subgroup Rot. Then the action Rot ñ
pWD,LpZq,bdPLD‰0mβd,Lq is nonsingular and, thus, the restricted Jones action Rot ñ
ÐÝ
AD,L
extends to an action by automorphisms on the von Neumann algebra
ÐÝ
M βL,D,L. More generally,
the action Rot ñ pWD,LpZq,bdPLD‰0νdq is nonsingular if tνdudPD, is any family of probability
measures that are all mutually equivalent and such that νd “ νd1 if ℓpdq “ ℓpd1q.
Regarding the implementation of the rotation subgroup Rot, we also recall the following obser-
vation from our companion paper [BS19, Remark 3.26].
Remark 3.35. Although, it is natural to have an action of the rotation subgroup Rot Ă T on
the field algebra
ÐÝ
M βL,D,L whenever βL is a geometric function on D, we expect that it is not
possible to define the generator of rotations as a strong limit,
s´ lim
nÑ8
1
2n
pUrn ´ 1qξ “ L0ξ,
as a consequence of gauge invariance, cf. [LMS03], see also [Jon18a, BJ18]. If we interpreted the
(spatial) local net of von Neumann algebras, tÐÝM β,D,LpSqu, as an analogue of a conformal field
theory, cf. corollary 2.28, L0 would correspond to the conformal Hamiltonian as opposed to the
Kogut-Susskind Hamiltonian which motivates our definition of the heat-kernel states.
In a general setting of theories with local gauge invariance, L0 might exist on the level of
observables, i.e. the gauge invariant subsector of our model. But, in the case of YM1`1 this
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result in a topological theory without local degrees of freedom as explained in the next section,
see also [Dim96].
The third class of semi-continuum von-Neumann field algebras results from the dual heat-kernel
states ωβ,D,L. As explained in section 3.3.3, these states are defined by coherent collections of
states ω
pγptqq
tβtu
“ bσPPtωβtpσq parametrized by a families of functions βt : Pt Ñ Rą0, t P T. The
coherence condition necessary to define the projective-limit state ωβ,D,L entails βtpσq “ β|Iσ | for
some fixed β ą 0 and |Iσ| the length of the interval Iσ for σ P Pt. We recall that, by construction,
the linear functional ω
pγptqq
tβtu
will only define a state on BpL2pA nptqqq if the construction is based
on a discrete group G. In case G is a compact group, we are forced to restrict attention to
the commutative subalgebra CpA nptqq (identified with multiplication operators on L2pA nptqq) –
unless we intend to resort to an abstract extension via the Hahn-Banach theorem.
For compact G, the explicit formula for the state on CpA nptqq reads:
ω
pγptqq
tβtu
pM pγptqqpfqq “
ż
Gnptq
¨
˝nptqź
j“1
dgσjρβ|Iσj |
pgσj q
˛
‚fpgσ1 , ..., gσnptq q “ mβtpfq,(3.70)
where f P CpA nptqq and |Iσj | “ σj ´ σj´1, j “ 1, ..., nptq. Considering this expression for
the inductive (sub)system tCpA Ep ~γN qquNPN0 (cp. proposition 3.1 and the preceding discussion)
and using the holonomy map (see proposition 3.12), we find that these states agree with the
restriction of the Wiener measure µWL,β on WD,LpGq to cylindrical functions CylpWD,LpGqq Ă
CpWD,LpGqq, cf. [DH99, Tay06]:
ż
WLpGq
dµWL,β pf ˝ hol´1qPt “
ż
Gnptq
¨
˝nptqź
j“1
dhσjρβ|Iσj |ph
´1
σj´1
hσj q
˛
‚pf ˝ hol´1qphσ1 , ..., hσnptq q
(3.71)
“
ż
A nptq
¨
˝nptqź
j“1
dgσjρβ|Iσj |
pgσj q
˛
‚fpgσ1 , ..., gσnptq q
“ ωpγptqqtβtu pM pγptqqpfqq,
where pf ˝ hol´1qPtphq “ pf ˝ hol´1qphσnptq , ..., hσ1q, h PWLpGq, f P CpA nptqq.
To be more precise, the projective-limit state ωβ,D,L is defined on the C
˚-algebra CpA q which
is isomorphic to CpWD,LpGqq via the holonomy map , and, by the Riesz-Markov-Kakutani the-
orem [Fol99], it corresponds to a unique Radon measure m
pβq
A
on the compact space A which
has µWL,β as pushforward to the compact space WD,LpGq.
For non-compact G, we use L8pA nptqq instead of CpA nptqq and consider the weak closure of the
inductive limit of the system tL8pA nptqqutPT w.r.t. the dual heat-kernel state, which is an abelian
von Neumann algebra. By construction this abelian von Neumann algebra is L8pA ,mpβq
A
q for
the inductive limit of probability measure spaces limÝÑtPTpA nptq,mβtq “ pA ,m
pβq
A
q, since dual
heat-kernel state agrees with the state induced by m
pβq
A
on a weakly-dense subalgebra.
If G is compact and non-discrete, the measures m
pβq
A
, β ą 0, can be distinguished from the uni-
form measure m
A
(see proposition 3.12) by the following result about their supports, cf. [DH99,
MTV99]:
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Proposition 3.36. For β ą 0, the supports of the measures mpβq
A
and m
A
, are disjoint. Pre-
cisely, hol˚mA is supported on those h P WD,LpGq that are nowhere continuous on D, and
hol˚m
pβq
A
“ µWL,β is supported on WLpGq “ th P CpLD, Gq | hp0q “ eu, i.e. those h P WD,LpGq
that are everywhere continuous on D.
In summary, we find that the commutative subalgebra of the semi-continuum von-Neumann
field algebra corresponding to gauge-field configurations for the dual heat-kernel state ωβ,D,L –
after restricting by its support projection E (3.66) – is given by:
Eπωβ,D,LpCpA qqE – L8pWD,LpGq, dµWL,βq.(3.72)
To consider the dual heat-kernel state beyond the commutative part of AD,L, we analyze the
cases when G is discrete or compact but not discrete separately. As before, we restrict attention
to the subalgebra
ÐÝ
AD,L Ă AD,L for simplicity. Again, the analysis carries over to the full field
algebra with minor modification, although, the dual heat-kernel state ωβ,D,L is not invariant
under ζ : AD,L ÑÐÝAD,L by an analogous argument as in remark 3.26.
In the first case, when G is discrete, e.g. G “ Z as in section 3.3.3, we can extend the dual
heat-kernel state ωβ,D,L to the whole field algebra AD,L by construction, cp. (3.45). At level
N P N0, the explicit formula for the restriction of the dual-heat kernel state is:
ω
p ~γN q
βtN
paq “
ÿ
gPGˆ2N
ρb2
N
βtN
pgqFap0, gq “ ρb2NtβtN upFap0qq,(3.73)
where tN P T is the complete rooted binary tree with 2N leaves, and a “
ř
hPGˆ2N
Faphqλp ~γN qh P
BpL2pA ~γN qq. Invoking again the holonomy map, (3.73) is equivalent to
ω
p ~γN q
tβtN u
paq “
ÿ
gPGˆ2N
¨
˝ 2Nź
n“1
ρβtN pg´1σn´1gσnq
˛
‚F˜ap0, gq “ ρ˚2NβtN pF˜ap0qq,(3.74)
where F˜a corresponds to Fa. The important difference is that (3.74) refers to the construction
of
ÐÝ
AD,L in terms of the conjugate action L
W : G ñ WD,LpGq. Thus, we are led to the question
whether the action LW : G ñ pWD,LpGq, µWL,βq is measure-class preserving. If quasi-invariance
of the measure held for a given G, the limit von Neumann algebra would be the crossed-product
algebra with the canonical state induced by µWL,β, see [BR87, KR86] for the general construction
of crossed products:
ÐÝ
M β,D,L
?– L8pWD,LpGq, dµWL,βq ¸LW G.(3.75)
In the second case, when G is compact but not discrete, a simple extension of the dual heat-
kernel state to
ÐÝ
AD,L respectively AD,L fails because the analogue of (3.73) does not define a
state (δ1G is not normalizable). Nevertheless, the action of L
W : G ñ pWD,LpGq, µWL,βq could be
measure-class preserving. Then, if we had measure-class preserving action, we could still form
an (implemented) crossed-product von Neumann algebra similar to (3.75) in the following way:
ÐÝ
M β,D,L
?“ L8pA , dmpβq
A
q _ ULpGq,(3.76)
where ULpGq is the von Neumann algebra generated by the unitarized action ofG ñ L2pA , dmpβq
A
q.
Moreover, we might use the Wiener measure µWL,β to define a dual heat-kernel weight by:
ωβ,D,Lpaq “ µWL,βpFap1Gqq,(3.77)
for a “ řhPG FaphqpLWh q˚ with only finitely many non-zero Faphq P L8pWLpGq, dµWL,βq. But, by
applying Kakutani’s theorem in a similar way as in our companion paper [BS19], we obtain the
following negative result:
CANONICAL QUANTIZATION OF YANG-MILLS THEORY 49
Theorem 3.37. For compact Lie groups G and G “ Z2, the action
LW : G ñ pWD,LpGq, µWL,βq
is singular.
Proof. Since A is a closed subset of the compact Hausdorff space
Ś
NPN0
A EpγN q (cp. [BS19,
Section 2.2]), the coherence condition satisfied by the states (3.73) implies that the infinite-
product probability measure,
mpβq “ bNPN0 ρb2
N
βtN
,(3.78)
has a well-defined restriction to A (of unit mass). Now, we apply Kakutani’s theorem [Kak48]
to mpβq and its pushforward by some h P G – possibly by dropping a finite number of factors
from (3.78) up to the minimal level, Nh, of h. At level N ě Nh, the Radon-Nikodym derivative
of pLhq˚mpβq relative to mpβq is given by:
dpLhq˚mpβq
dmpβq |A EpγN q
pgσ1 , ..., gσ2N q “
2Nź
n“1
ρβtN ppN phqσngσnq
ρβtN pgσnq
,(3.79)
where pNphq P GEpγN q is the projection of h P G to level N . The equivalence of the measures
can decided by the Hellinger distance,
dH
´
pLhq˚mpβq,mpβq
¯
“
ź
NěNh
ż
A EpγN q
dpLhq˚mpβq
dmpβq |A EpγN q
dρb2
N
βtN
(3.80)
“
ź
NěNh
ż
A EpγN q
2Nź
n“1
b
ρβtN ppN phqσngσnqρβtN pgσnqdgσn ,
between pLhq˚mpβq and mpβq.
For a compact Lie group G, we can estimate (3.80) for h ‰ 1G directly by the Cauchy-Schwarz
inequality:
dH
´
pLhq˚mpβq,mpβq
¯
“
ź
NěNh
ż
G2
N
dpLhq˚mpβq
dmpβq |N
dρb2
N
βtN
(3.81)
“
ź
NěNh
ż
G2
N
2Nź
n“1
b
ρβtN ppN phqσngσnqρβtN pgσnqdgσn
ď
ź
NěNh
ź
σPsuppphq
ˆż
G
ρβtN ppN phqσgσqρβtN pgσqdgσ
˙ 1
2
“
ź
NěNh
ź
σPsuppphq
b
ρ2βtN ppN phqσq “ 0,
because limβÑ0 ρβphq “ 0 for h ‰ 1G by Urakawa’s Poisson summation formula for ρβ [Ura75],
see also [Hal97]. From the second to the third line, we use the heat-kernel convolution identity.
For G “ Z2 “ t˘1u, we have ρpZ2qβ p˘1q “ 1˘ e´
β
2 , such that
dH
´
pLhq˚mpβq,mpβq
¯
“
ź
NěNh
p1´ e´2´Nβq 12 | suppphq| “ δh,0,(3.82)
because limNÑ8p1´ e´2´Nβq “ 0. 
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Remark 3.38. The above argument applies when G is a Lie group of compact type, i.e. there
is an orthogonal isomorphism G – K ˆ Rn w.r.t. a choice of AdG-invariant inner product on
the Lie algebra g [Hal02, Hel01], as well. But the definition of the space A requires slight
modification, see section 4.1. In the case of G “ Rd, we can compute (3.80) explicitly:
dH
´
pLxq˚mpβq,mpβq
¯
“
ź
NěNx
e
´ 1
8βtN
ř
2
N
n“1 ||pN pxqσn ||
2
Rd(3.83)
“
ź
NěNx
e
´ 2
N
8β
ř
2
N
n“1 ||pNpxqσn ||
2
Rd
“ e´
1
8β
||x||2
Rd
ř
NěNx
2N “ δx,0,
which implies the inequivalence of the measure for any x ‰ 0.
Interestingly, there is another way to proceed in the infinite compact case when G is abelian:
Because of (3.12), we can identify the action LW : G ñ WD,LpGq with the left multiplication
Gfr ñ WD,LpGq. Then, next to the action Gfr ñ pWD,LpGq, µWL,βq, there is another measure-
class preserving left multiplication HLpGq ñ WLpGq, where HLpGq Ă WLpGq is the subgroup
of finite-energy path in G [ISoPEFtV69, Ara69, Str71, AHK78, AHKT81, AHKTV83, MM90,
AHKM`93]. HLpGq is the analogue of the Cameron-Martin subspace for pWLpGq, dµWL,βq [Dri92].
The action HLpGq ñ WLpGq is unitarizable which suggests to define the semi-continuum von-
Neumann field algebra of the dual heat-kernel state in this case as:
ÐÝ
M β,D,L “ L8pWLpGq, µWL,βq _ ULpHLpGqq.(3.84)
Again, ULpHLpGqq denotes the von Neumann algebra generated by the unitary representatives
of the left multiplication HLpGq ñ WLpGq.
Remark 3.39. The algebra (3.84) can be defined in the nonabelian case as well, but the
correspondence of LW with the left multiplication L is not as direct as in the abelian case. More
precisely, the formula for LW given in corollary 3.13,
LWg phqτ τ“σm“
˜
mź
j“1
αhσj´1 pgσj q
¸
hτ ,
shows that g P G acts on h P WD,LpGq by left multiplication only after parallel transporting the
components of the former to the starting point of the latter by the respective partial holonomy.
Thus, if we intended to translate this formula into a continuous setting and make sense of
(3.84) simultaneously, we would need to interpret the product
ś
σďτ as a multiplicative integral,
see e.g. [McK69]. Then, because the integrand should be conjugated with a partial holonomy
depending on its evaluation point, we infer that formally LW : G ñ WD,LpGq would correspond
to an action by a subgroup of KpGq ĂWLpGq s.t. KpGq is normalized into HpGq by WLpGq.
If G was a compact Lie group and g “ pgσ1 , ..., gσmq was given by as a collection of exponentials
of Lie algebra elements (electric fluxes) gσj “ expGpEσj q, j “ 1, ...,m, we could rewrite the
formula for LW as a path-ordered exponential:
LWg phqτ “ P expG
ˆż τ
0
dσAdhσpEσq
˙
hτ .
But, it is important to keep in mind that E is not interpreted as a gauge field (connection).
At this point, an in-depth analysis of the algebras (3.75), (3.76) and (3.84) remains open, but
there are partial results for semisimple compact Lie groups G [AHKTV83, AHKT84]:
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The construction of µWL,β is meaningful for Σ “ R (the thermodynamic limit), which we de-
note by µWβ with associated spaces HpGq and W pGq. The vector 1 P L2pW pGq, dµWβ q is
cyclic for ULpHpGqq. For G “ SUpnq, n ě 2, ULpHpGqq is a type III factor and its com-
mutant is generated by the unitary representatives of the right multiplication W pGq ð HpGq,
i.e. ULpHpGqq1 “ URpHpGqq. Similar results, besides the type III property, hold when µWβ is
conditioned on path subgroups such that Σ “ Rě0 or Σ “ S (the latter refers the the subgroup,
LLpGq ĂWLpGq, of loops based at 1G).
We conclude with a remark on the locality structures and symmetries associated with the alge-
bras (3.72) and (3.84).
Remark 3.40. The definition 3.11 of the holonomy map shows that h PWD,LpGq is a nonlocal
expression of g P A . Conversely, g P A is a nonlocal, quadratic function of h P WD,LpGq.
In other words, the holonomy map does not preserve the locality structures of WD,LpGq and
A associated with their respective inductive-limit constructions. For, example, we consider
an element f P L8pA , dmpβq
A
q which is localized inside a standard dyadic interval rd, d1s and
associated with an adapted partition P:
fpgq “ fptgσudăσďd1PPq.
Its counterpart f˜ P L8pWD,LpGq, dµWL,βq is:
f˜phq “ fpth´1
prepσqhσudăσďd1PPq,
where prepσq is the predecessor of σ in P. This has some similarity with the (anti-)locality
structures of the Pauli algebra and the Fermion algebra which are related by the Jordan-Wigner
transform [EK98].
If G is compact but not discrete, we know from proposition 3.36 that µW
D,L is supported on
continuous path from h : r0, Ls Ñ G with h0 “ 1G. Therefore, the we may consider parallel
transports associated with arbitrary subintervals pτ, τ 1s Ă p0, Ls:
gpτ,τ 1s “ h´1τ hτ 1 .
In this way, it is possible to describe operators f P L8pA , dmpβq
A
q with arbitrary localization,
i.e. localized in pτ, τ 1s Ă p0, Ls, directly.
This observation indicates that we expect to have a strongly continuous unitary representation
of the subgroup of dyadic rotations Rot Ă T w.r.t. to the topology inherited from the inclusion
Rot Ă S. This is also intuitively justified because of the coherence condition required by the
construction of the dual heat-kernel state:
βtN “ 2βtN`1 ,
which is rotation invariant at each level N P N0. For general partitions P this is equivalent to:
β : P ÝÑ Rą0,
σ ÞÝÑ β|Iσ|.
We return to the question of rotational invariance for the dual heat-kernel state in section 4.1,
where we argue that rotational invariance is also present for discrete G.
In contrast, we do not expect to have a unitary representation of Thompson’s group F because
a function β : P Ñ Rą0 as above is not scale invariant.
Remark 3.41. For a compact Lie group G, the representation of the YM1`1 field algebra given
by the dual heat-kernel state is related (via the Itoˆ map) to the energy representation of the
Weyl algebra associated with the non-compact formulation of gauge theories, cp. [Dim96, DH99,
Fre84].
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3.5. Gauge transformations and observables. Observables are identified as subalgebras
inside the field algebras which are invariant under the action of gauge transformations, i.e. the
observables inside the semi-continuum field algebra AD,L are given by the fixed-point algebra
AG
D,L w.r.t. the action ατ : GÑ AutpAD,Lq, see corollary 2.25 (an analogous statement holds for
local observables (2.21)). But, there is some freedom regarding the action ατ , because we may
restrict the latter to subgroups of G depending on the choice of boundary conditions as well as
regularity requirements on the gauge transformations. For the semi-comntinuum von-Neumann
field algebra MD,L and its local subalgebras, it is necessary to require an extension of ατ . Such
an extension will exist, if the state ωD,L is invariant under G, and will be given by a unitary
representation Uτ : GÑ UpHD,Lq. But, as exemplified by the dual heat-kernel state, invariance
of ωD,L is not necessary to have an action of (a subgroup of) gauge transformation on MD,L.
Since it is known that YM1`1 is expected to be a topological theory [Wit91, Dim96, DH99,
CMR95], i.e. there are no local degrees of freedom at the level of observables, let us illustrate
how this is reflected by the operator-algebraic construction. According to (2.3) and (2.9), the
action of gauge transformations on basic field operators (2.10) at level N P N0 reduces to:
pτpg´1q˚fqphq “ fptg´1Be`hegBe´uePEpγN qq,(3.85)
AdUτpgqpλhq “ λtgBe˘uePEpγN qλhλ
˚
tgBe˘uePEpγN q
,
for f P CpGEpγN qq, h P GEpγN q and g P GV pγN q (we suppress the labels of τ and λ referring to
the level).
Since the lattice γN defines a partition of the spatial manifold in 1+1 dimensions, invariant
elements f P CpGEpγN qq for the first equation are found by using the holonomy map: Definition
3.11 and corollary 3.13 show that f will be invariant under gauge transformations that vanish
at 0 and L (the based loop group LN,LpGq at level N) if it factorizes through the (discrete)
holonomy form 0 to L, see also remark 3.14:
f “ f˜ ˝ holL.(3.86)
For periodic boundary conditions Σ “ T1L, f will be invariant under all gauge transformations
at level N , if it factorizes to a class function on G:
f˜ ˝ αg “ f˜ , g P GL “ G.(3.87)
Choosing f˜ “ trVπ ˝π with π : G Ñ GLpVπq the defining representation of G, results in the
most prominent representative of these observables – the Wilson-Wegner loop [Weg71, Wil74].
For a compact Lie group G, we deduce the completeness of this type of observables from
the continuity of the action τ : G ñ A , cp. [Bae96, AL95] and also [Dim96, Section 3]: At
level N , the continuous functions on quotient spaces GEpγN q{LN,LpGq and GEpγN q{GV pγN q are
given by the continuous functions on G respectively a maximal torus T Ă G invariant un-
der the Weyl group W “ NGpT q{T . This implies the triviality of the inductive systems, i.e
limÝÑNPN0 CpG
EpγN q{LN,LpGqq “ CpGq and limÝÑNPN0 CpG
EpγN q{GV pγN qq “ CpT {W q. But, be-
cause of the continuity of the action τ , we have CpA qLN,LpGq “ CpGq and CpA qG “ CpT {W q.
Sticking to compact Lie groups at first, we analyze the implications of the second equation of
(3.85) in terms the generators of the left translation operators, i.e. the Lie algebra g. Since g
consist of right invariant vector fields in our construction, the second equation simply expresses
the fact that we are looking for bi-invariant differential operators on GEpγN q that induce invariant
convolution kernels (for the action of GV pγN q). Now, bi-invariant differential operators on G cor-
respond to the center Zpgq of the universal enveloping algebra Upgq [Var89]. Moreover, if a direct
sum of bi-invariant differential operators, ‘ePEpγN qBe, acts on a smooth function f P C8pGEpγN qq
that factorizes as in (3.86), it will correspond to the action of the single bi-invariant differential
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operator
ř
ePEpγN q
Be acting on f˜ P C8pGLq. This simply expresses the fact that a bi-invariant
differential operator can be constantly transported to the endpoint of the holonomy. Therefore,
the action of Zp‘ePEpγN qgeq degenerates on the ˚-subalgebra of C8pGEpγN qq satisfying (3.86).
For semisimple g, Zpgq is spanned by the Casimir elements [Rac51]. If we restrict the action of
the gauge group to LN,LpGq, we are free to specify non-central elements of Upgq at 0 and L.
A special observable at each level N is the Hamiltonian of YM1`1 corresponding to the qua-
dratic Casimir element. Thus, the existence of dynamics for the semi-continuum von-Neumann
field algebra is tied to the question whether a suitable limit of the sequence quadratic Casimir
elements can be defined admitting a self-adjoint extension. Theorem 3.16 shows that this is
possible in the strong-coupling vacuum representation. Moreover, the restriction to observables
is also well-defined because of gauge invariance of the limit operator.
Beyond the Lie group setting, the second equation implies that observables involve only central
convolution operators at each finite level N P N0. In analogy with bi-invariant differential oper-
ators, the action of the latter degenerates on the ˚-subalgebra of C8pGEpγN qq satisfying (3.86).
Let also comment on the various states introduced above for the case of periodic boundary con-
ditions and the action of G. We observe that the gauge-invariant (inhomogeneous) heat-kernel
states restrict to the observables. For the homogeneous heat-kernel state the restriction is given
by the level-1 member of the coherent family:
ω
β,D,L|AG
D,L
“ ωpγ1qβ “ ωβ b ωβ.(3.88)
Similalrly, the inhomogeneous heat-kernel state reduces to the level-1 member of the coherent
family:
ω
β,D,L|AG
D,L
“ ωpγ1qβ0,L,β1,R “ ωβ0,L b ωβ1,R.(3.89)
The occurrence of a two-factor state reflects the left-right structure of the cofinal sequence
tγNuNPN0 of lattices, see also proposition 3.21. A similar statement holds w.r.t. the restricted
gauge group LN,LpGq
Remark 3.42. If we take into account the invariance of characters under the group inversion,
we can also lift left-right ambiguity for the inhomogeneous heat-kernel states when passing to
the observables (for the action of G). More precisely, by the Peter-Weyl theorem the characters
form an orthonormal basis of the L2-class functions and, thus, any continuous class function f
admits an L2-expansion invariant under inversion. It follows that f and f ˝ p . q´1 belong to the
same L2-equivalence class and, therefore, only differ on a null set for the Haar measure. This
implies f “ f ˝p . q´1. Since the basic observables correspond to class functions and convolution
operators associated with bi-invariant differential operators, we deduce that we can naturally
identify the left and right parts of the observable algebras, cp. proposition 2.5. This in turn,
enforces β0,L “ β1,R.
Concerning the dual heat-kernel state, the restriction to observables is less obvious because the
state itself is not invariant under gauge group. Nevertheless, a partial results can be deduced
from the discussion in the previous section: It is possible to define a representation of a restricted
group of gauge transformations HLpGq, the finite-energy paths, on the GNS representation of
the commutative algebra CpA q using the theory of multiplicative noncommutative distributions
[AHKM`93] for abelian and compact Lie groups G. Unfortunately, this representation does not
admit non-trivial invariant vectors [DH00], and, therefore, there is no non-trivial gauge-invariant
subspace inside the GNS representation space to which we can restrict the observables.
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4. A renormalization group perspective
A conceptually appealing way to understand the constructions and results of section 3 (and
to some extent those of section 2.1) is in terms of the Wilson-Kadanoff renormalization group
[Kad66, Wil75, Weg72]. This is expected form the point of view of physics as, by construction,
renormalization group theory is ideally suited to analyze continuum (or scaling) limits of lattice,
i.e. effective, models. To this end, we recall the basic setup of renormalization group theory and,
afterwards, reformulate it to fit with our approach.
Let us consider a sequence of Hamiltonian lattice models tAN ,HN ,HpNq0 uNPN0 . At each level
N , AN is a C
˚-algebra of basic field operators, HN is a Hilbert space on which the latter act,
and H
pNq
0 is a Hamiltonian affiliated with BpHN q. The fundamental equation of renormaliza-
tion group theory implicitly defines further Hamiltonians H
pNq
N 1´N for N ă N 1 by assuming the
equivalence of the partition functions of H
pNq
N 1´N and H
pN 1q (see, for example, Fisher’s review in
[Cao99, p. 89-135]):
Z
pN 1q
0 “ TrN 1pe´H
pN1q
0 q “ TrN pe´H
pNq
N1´N q “ ZpNqN 1´N ,(4.1)
assuming that the canonical Gibbs states of H
pN 1q
0 ,H
pNq
N 1´N are well-defined. In other words,
there are transformations (or quantum operations) E
pNq
N 1´N : S
1
N 1 Ñ S1N on density matrices such
that:
E
pNq
N 1´N pe´H
pN1q
0 q “ e´H
pNq
N1´N .(4.2)
On the level of Hamiltonians, we have:
R
pNq
N 1´N pH
pN 1q
0 q “ HpNqN 1´N .(4.3)
Since the choice of levels N ă N 1 is arbitrary, we naturally require the semi-group property:
E
pNq
N 1´N ˝ EpN
1q
N2´N 1 “ EpNqN2´N , or RpNqN 1´N ˝RpN
1q
N2´N 1 “ RpNqN2´N .(4.4)
Pictorially, this is summarized by Wilson’s triangle of renormalization [Wil75, p. 790],
H
pNq
0 H
pNq
1 H
pNq
2
. . .
H
pN`1q
0 H
pN`1q
1
. . .
R
pNq
1 R
pNq
2
H
pN`2q
0
. . .
R
pN`1q
1
,(4.5)
and we aim at constructing the limit sequence of Hamiltonians tHpNq8 uNPN0 (with a similar
picture for the density matrices).
Next, let us translate (4.1) to (4.5) into statements involving the algebras tANuNPN0 and (alge-
braic) states on them. Using (4.1) and (4.2), we find for N ă N 1:
1
Z
pNq
N1´N
TrN
ˆ
e
´H
pNq
N1´NaN
˙
“ 1
Z
pNq
N1´N
TrN
ˆ
E
pNq
N 1´N pe´H
pN1q
0 qaN
˙
(4.6)
“ 1
Z
pN1q
0
TrN 1
ˆ
eH
pN1q
0 αNN 1paN q
˙
,(4.7)
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where αNN 1 : AN Ñ AN 1 is assumed to be the dual of EpNqN 1´N , and aN P AN . This generalizes to:
ω
pN 1q
0 ˝ αNN 1 “ ωpNqN 1´N ,(4.8)
for a sequence of (initial) states tωpNq0 uNPN0 . A natural requirement is that αNN 1 is unital and
completely positive (ucp) because it should map states into states and preserve probability,
i.e. the partition function (4.1). We call the family of maps tαNN 1uNăN 1PN0 the renormalization
group. In this way, our reformulation of the Wilson-Kadanoff renormalization group could be
understood as being dual to the scheme of the density-matrix renormalization group (DMRG)
[Sch05]. The picture corresponding to (4.5) is:
ω
pNq
0 ω
pNq
1 ω
pNq
2
. . .
ω
pN`1q
0 ω
pN`1q
1
. . .
αNN`1 α
N
N`2
ω
pN`2q
0
. . .
αN`1N`2
(4.9)
and we are interested in the existence of sequence of limit states tωpNq8 uNPN0 . Moreover, we
expect that the limit states satisfy the (projective) consistency property,
ω
pN 1q
8 ˝ αNN 1 “ ωpNq8 ,(4.10)
because formally αN
1
8 ˝αNN 1 “ αN8 for αN8 “ limN 1Ñ8 αNN 1 . If it exists, the (projective) limit state,
ω
p8q
8 “ limÐÝ
NPN0
ω
pNq
8 ,(4.11)
will be called the scaling limit of tωpNq0 uNPN0 . We emphasize at this point that we do not expect
any uniqueness of the scaling limit unless, maybe, the initial states are on a stable manifold
(with unique fixed point) of the renormalization group flow (critical couplings). This point is
exemplified by the discussion of the dual heat-kernel state and its relation to the Wiener measure
below (section 4.1). Clearly, a necessary condition for the existence of a non-trivial sequence of
limit states tωpNq8 uNPN0 (in the sense of physical interactions) is the divergence (in terms of the
lattice length) of the sequence of correlation length tξpNqN 1 uN 1PN0 between localized operators at
any level N 1 P N0. In other words, the sequence tωpNq0 uNPN0 approaches a (quantum) critical
point, see [Sac11] and also [FFS92, Chapter 4] for a discussion of scaling limits and critical
points in a commutative probabilistic setting.
A simple example of quantum operations tEpNqN 1´NuNăN 1PN0 are partial traces TrN 1ÑN for HN “
H
b2N
0 and AN “ BpHN q such that αNN 1paN q “ aN b 1N 1zN . There is a natural extension of
the latter that we use above (2.17) and in [BS19] which is also natural in the context of the
multi-entanglement renormalization ansatz [MO18], see also equations (3.54) to (3.57):
αNN 1paN q “ UN 1paN b 1N 1zN qU˚N 1 ,(4.12)
for some unitary UN 1 P UpHN 1q – the disentangler. This suggest that we should consider two
renormalization group transformations equivalent if
αNN 1 „ α˜NN 1 ô αNN 1 “ AdU1b...bU
2N
1 α˜
N
N 1 ,(4.13)
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where Uj P UpH0q, j “ 1, ..., 2N 1 , solely acts on the jth factor of HN 1 . This equivalence is
reminiscent of the equivalence of quantum states consider in [VCL`05]. It is clear that this
notion of equivalence does not affect the locality structure defined by a renormalization group
tαNN 1uNăN 1PN0 , cp. remark 3.22. In view of the discussion preceding (3.57), we also note that
implementing a quantum operation E
pNq
N 1´N by a cut down with a proper isometry R
N
N 1 : HN Ñ
HN 1 , R
N
N 1pRNN 1q˚ ‰ 1N 1, i.e.
TrN 1pe´H
pN1q
0 RNN 1aN pRNN 1q˚q “ TrN pe´H
pNq
N1´NaN q,(4.14)
is not a valid option in the sense of the fundamental equation (4.1), unless we are in an excep-
tional situation, for example, e´H
pN1q
0 “ RNN 1e´H
pNq
0 pRNN 1q˚, cp. [Jon18b] as well as [LLT17]. In
other words, AdRN
N1
is not permitted as an element of a renormalization group because it is not
unital.
Let us also briefly comment on the question of dynamics in this formulation of the renormaliza-
tion group: At first sight, the scheme (4.9) is purely kinematical because we think of all states as
defined on algebras of time-zero fields. But, if the initial family of states tωpNq0 uNPN0 comes with
a family of time evolution automorphisms groups tαpNqt , t P RuNPN0 preserving the initial state
at each level N P N0, we can consider the unitary implementers tUNt , t P Ru. If we assume that
these implementers belong to AN , for example, if AN “ BpHN q, we can ask for the existence of
the time evolution automorphism group tαp8qt , t P Ru in the GNS representation of the scaling
limit ω
p8q
8 (in the pointwise weak sense locally uniformly in t P R):
lim
NÑ8
π
ω
p8q
8
pU pNqt q a πωp8q8 pU
pNq
t q˚ “ αp8qt paq, a P πωp8q8 p limÝÑ
NPN0
AN q2,(4.15)
where we consider the U
pNq
t P AN Ă limÝÑNPN0 AN as elements of a potential inductive limit
defined by the renormalization group tαNN 1uNăN 1PN0 . Theorem 3.16 shows that such a limit
exists for the scaling limit of strong-coupling vacua in YM1`1. In view of remark 3.27, we can
define lattice analogues of field algebras localized in spacetime in such a case and analyze their
locality properties in the scaling limit.
Returning to the (inhomogeneous) heat-kernel and dual heat-kernel states of section 3.3, we
interpret the corresponding coherent families of states as sequences of limit states tωpNq8 uNPN0
according to (4.11) and in view of the renormalization group envisioned by (4.9). An advantage
of this point of view is that it tells us for which families of states tωpγN quNPN0 we may expect
semi-continuum von-Neumann field algebras that admit continuous extensions of the discrete
symmetries of the lattice models (symmetry enhancement, see e.g. [FS82]), e.g. an extension of
the dyadic translations Rot Ă T to continuous translations S. Namely, the states tωpγN quNPN0
should define a scaling limit of (ground) states of physical systems approaching a (quantum)
critical point to have a non-trivial continuum theory (in the sense of interactions).
Reasoning along these line leads to the conclusion that the homogeneous and inhomogeneous
heat-kernel states lie on a fixed-point manifold for the renormalization group flow because each
choice of functions βL, βR : DÑ Rą0 – corresponding to family of initial states – directly defines
a scaling limit in the sense of (4.11). Thompson’s groups F Ă T Ă V act on this fixed-point
manifold via the pullback of the Jones’ action on AD,L, see section 3.1, and the homogeneous
heat-kernel states (βL, βR “ const.) form a subset of fixed-points for this action, cp. theorem
3.24. Since these states are gauge invariant and the observables of YM1`1 do not describe local
degrees of freedom (see section 3.5), we do not expect to have symmetry enhancement in their
GNS representations. In the terminology of [FFS92], the topological nature of YM1`1 leads
to “boring” scaling limits (ultra-local interactions). For G “ Up1q, we know that for a large
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class of functions βL, βR the Jones’ action of Thompson’s group F does not even extend to the
semi-continuum von-Neumann field algebra (proposition 3.32). Although, such an extension is
possible for the rotation subgroup Rot Ă T (corollary 3.34).
For the dual heat-kernel states the situation is rather different. By construction these states are
defined on AD,L via an extension from a commutative subalgebra, e.g. CpA q in the case of a
compact group, which is only fully explicit in the case of a discrete group, see the discussion of
these state in section 3.4. Therefore, we focus on the restriction of the dual heat-kernel states
to the commutative subalgebra and illustrate the associated renormalization group flow in the
following subsection.
4.1. Scaling limits of the dual heat-kernel states. To analyze the scaling limit of the
dual heat-kernel states, let us initially assume that G is a Lie group of compact type, see remark
3.38. According to (3.70) these states are defined by families of states tωγptqβt utPT on the inductive
system tCpA˚ Epγptqqq, αt1t utďt1PT indexed by functions β : TÑ Rą0. Here, we denote by A˚ Epγptqq
the compactification of A Epγptqq resulting from separately compactifying each factor R. To apply
the renormalization group argument in this situation, we choose an arbitrary family of states
tωγptqβt utPT as our initial states without satisfying the coherence condition,
ω
γpt1q
βt1
˝ αtt1 “ ωγptqβt ,(4.16)
for t ď t1. On the contrary, the latter equation is replaced by a similar looking equation,
ω
γpt1q
βt1
˝ αtt1 “ ωγptqβ1t ,(4.17)
as the action of the renormalization group, where the state on the left hand side belongs to our
initial family of states while the state on the right hand is defined by the action of αtt1 resulting
in a new function β1. For complete binary trees, t “ tN ď t1 “ tN 1 , the relation between β1tN
and βtN1 is the analogue of the consistency equation states in remark 3.40:
β1tN “ 2N
1´NβtN1 .(4.18)
Clearly, the simplicity of this renormalization group equation reflects the simplicity of the model.
Experience with the renormalization group formalism in other context makes it evident that it
will not even be possible to restrict attention to a single class of initial states for more compli-
cated models because the renormalization group flow will generate various interaction terms not
present in this initial class (in the case of Gibbs states). As a well-known classical example of
this fact, we may think of the quantum Ising chain with transverse field, see e.g. [Suz12, Sac11].
Nevertheless, (4.18) illustrates the emergence of a scaling limit with enhanced symmetry very
clearly;
We consider any initial choice of function βp0q : T Ñ Rą0 with an asymptotic (t ąą t0) power-
law behavior,
β
p0q
t „ β0|Iσ|ν , σ P Pt, ν P R, β0 P Rą0,(4.19)
in terms of the (geometric) sizes of the elements in the partition Pt associated with t P T. The
renormalization group equation (4.18) implies the following asymptotic relation between the
initial function βp0q and the resulting function βpMq after M steps:
β
pMq
tN
„ 2p1´νqMβp0qtN .(4.20)
Thus, for exponents ν ą 1 the states are driven towards the unstable fixed point β “ 0 while for
exponents ν ă 1 the states are driven to the stable fixed point β “ 8. In accordance with the
definition of the dual heat-kernel states given in section 3.3.3, we find stable sequences of states
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for ν “ 1 labelled by the free parameter β0. A computation of two-point functions involving
string-like holonomy fields,
holpgqpτ,τ 1s “ holpgq´1τ holpgqτ 1 ,(4.21)
with different endpoints τ ă τ 1 P p0, Ls reveals that β0 plays the role of an inverse correlation
length. As explained above, the holonomy holτ makes sense for arbitrary points τ P p0, Ls w.r.t.
to the dual heat-kernel states because these are supported on continuous paths. Explicitly, we
find the following two-point function for periodic boundary conditions w.r.t. the dual heat-
kernel state with parameter β0 for two unitary, irreducible representations π, π
1 P Gˆ with matrix
elements πmn, π
1
m1n1 P CpGq:
ωβ0,D,Lppπ˚mnqτ pπ1m1n1qτ 1q “ δπ,π1δm,n1δn,m1
ÿ
π˜,π˜1PGˆ
dπ˜dπ˜1
d2π
Nππ˜π˜1e
´
β0
2
cπ˜pτ
1´τqe´
β0
2
cπ˜1pL´pτ
1´τqq,(4.22)
where we use the notation pπmnqτ “ πmn ˝ holτ (and similarly for the primed objects). Nππ˜π˜1
denotes the multiplicity of π in π˜ b π˜1, and cπ˜, cπ˜1 are the eigenvalues of the quadratic Casimir
element. Notably, the two-point function is manifestly invariant under continuous rotations
expressing the enhancement of symmetry. Moreover, the thermodynamic limit, LÑ8, can be
trivially performed at the level of the two-point function because of (local) uniform convergence
of (4.22):
ωβ0,D,Lppπ˚mnqτ pπ1m1n1qτ 1q “ δπ,π1δm,n1δn,m1e´
β0
2
cπ.pτ 1´τq(4.23)
We conclude this section with a few remarks:
Remark 4.1 (Brownian motion and 1d Ising models). For G “ R and free boundary condtions,
the formula (4.22) yields the covariance of the Wiener process,
ωβ0,D,Lpxτxτ 1q “ β0minpτ, τ 1q.
Also for G “ R, but with periodic boundary conditions and the Mehler kernel (see e.g. [Bat99])
instead of the heat kernel, we find the covariance,
ωβ0,D,Lpxτxτ 1q “ 12p1´e´2β0Lqpe´2β0pτ
1´τq ` e´2β0pL´pτ 1´τqqq,
of the Ornstein-Uhlenbeck process from (4.22). Interestingly, the cases G “ Zn, n P Ně2, can
be treated as well, for example, by considering the embedding Zn Ă Up1q via roots of unity.
Moreover, as noted in section 3.3.3 above, the dual heat-kernel states have simple extensions to
the full semi-continuum field algebra AD,L for discrete G.
Amusingly, in the case G “ Z2, the restriction of the dual heat-kernel state to the commutative
subalgebra CpA Z2q is equivalent to the 1d Ising model because of self-duality which, therefore,
has a rotationally invariant two-point function:
ωβ0,D,Lpστστ 1q “ 1p1´e´2β0Lqpe´β0pτ
1´τq ` e´β0pL´pτ 1´τqqq.
To understand how this formula arises, we note that the well-know renormalization group equa-
tion of the 1d Ising model,
β1Ising “ 12 logpcoshpβIsingqq,
is related to (4.18) by the non-linear transformation:
βIsing “ ´12 logptanhpβqq.
We point out that the existence of the scaling limit of the 1d Ising model does not contradict the
absence of a phase transition because we only require existence of an unstable critical point (here:
β “ 0 resp. βIsing “ 8). On AD,L the dual heat-kernel state corresponds to a weak-coupling
limit of the Op1q-quantum rotor model (cp. section 5.1). Interestingly, an identical duality
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relation as that between β and βIsing was found by Chatterjee [Cha18] in 4-dimensional Ising
gauge theory very recently. This fits with the anticipated similarities between 2-dimensional
spin systems and 4-dimensional gauge systems, cf. [Kog79].
Remark 4.2 (Hunt’s theorem). For Lie groups of compact type, the continuous nature of the
scaling limit of the dual heat-kernel states can be seen as a result of Hunt’s theorem and the
Le´vy-Khintchine formula for infinitely divisible probability measures [App14, Theorems 5.3.3 &
5.5.1]. In view of this theorem, a simple derivation of (4.22) follows from the observation that
the partition function Ztpβtq, i.e. the normalization of the integral (3.70) for periodic boundary
conditions, of the dual-heat kernel state at each finite level given by t P T is given by the
heat-kernel trace:
Ztpβtq “ TrL2pGq
´
e´
βtnptq
2
∆G
¯
“ ρβtnptqp1Gq “ ρβ0Lp1Gq “ ZLpβ0q,
where nptq is the number of intervals in the partition Pt. Thus, the Laplacian ∆G is seen as
the Hunt generator of the convolution semi-group corresponding to the dual heat-kernel states.
Now, the two-point function is obtained from an insertion of the operators πmn, π
1
m1n1 at τ, τ
1:
ωβ0,D,Lppπ˚mnqτ pπ1m1n1qτ 1q “ ZLpβ0q´1 TrL2pGq
´
e´β0pL´τ
1q∆Gπ1m1n1e
´β0pτ 1´τq∆Gπmne
´β0τ∆G
¯
.
Remark 4.3 (Compact quantum groups). From the preceding remark, we see that it is possible
to generalize the dual heat-kernel states to a noncommutative setting in a different way than
considered above: Instead of extending these states from a commutative subalgebra to the semi-
continuum field algebra, e.g. from CpA q to AD,L for a compact group G, we may replace the
(compact) group G by a (compact) quantum group G and substitute the heat-kernel trace by its
analogue in terms of the quadratic Casimir element. This also makes sense from the perspective
of the inductive-limit constructions because we have a coproduct CpGq Ñ CpGq ˆ CpGq. For
G “ SUqp2q, q P R, |q| ‰ 0, 1, we find [KM95, MMN`91]:
Ztpβtq “
8ÿ
n“1
n2e
´
βtnptq
2
ˆ
q
n
2 ´q
´n
2
q´q´1
˙2
,
where cn “
´
q
n
2 ´q´
n
2
q´q´1
¯2
is the nth eigenvalue of the quantum Casimir element Cq and dn “ n2 is
its multiplicity. As before, the expression for Ztpβtq “ ZLpβ0q can be used to generate two-point
functions of the dual heat-kernel state (and more generally n-point functions).
5. Conclusion
The results obtained on the operator-algebraic construction of scaling limits of Hamiltonian lat-
tice gauge theories in the previous sections indicate various possibilities for generalizations and
directions for further research.
First of all, we intend to complete the analysis of section 3, especially section 3.4, for non-abelian
groups (at least compact ones) to the same as extend as for abelian groups. A related general-
ization in view of duality is the replacement of the structure group G by a (compact or discrete)
quantum group G because already the Fourier dual of a compact non-abelian group is a discrete
quantum group, see section 3.2.1 and remark 4.3. Such generalization might even be necessary
to adapt the proofs of the results on the semi-continuum von-Neumann field algebras to the
non-abelian case as these exploit the Fourier transform on G, for details see [BS19].
Another important problem is the extension of our analysis to higher dimensions as well as
models beyond pure gauge theory with richer field content, i.e. more complicated field algebras
on single finite lattices, for example, including fermions as in [KR02, JKR05, GR13, GR17]
or scalar fields. A main reason for generalizing the model under consideration is the goal to
understand and describe scaling limits of gauge theories with non-trivial local observables in
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an operator-algebraic formulation thereby coming entering the realm of algebraic quantum field
theory more immediately. Naturally, Yang-Mills theory in 2+1 dimensions on the one hand
and Higgs or Schwinger models on the other hand suggest themselves, cp. [MO18] for the
former and [BHA`14, BHV`16] for the latter. In more than one spatial dimension, we ex-
pect the difference between abelian and non-abelian groups as well as discrete and non-discrete
groups to become more pronounced due to the more complicated structure of the phase di-
agram of lattice gauge theories (confinement-deconfinement transition, “freezing” phase), see
[Gut80, FS82, GM82, BS83, Bor88]. A further complication that we expect to appear in higher
dimensions is the necessity for field-strength renormalization which may render the time-zero
formulation invalid in the continuum limit. A possible way to avoid this is the use of lattice
approximations to spacetime localized field algebras as advocated in remark 3.27. An essential
ingredient for the extension to other models is the concrete realization of the Wilson-Kadanoff
renormalization group by ˚-morphisms (or ucp maps) – a fact that is known from the Ising
model where different local algebras (or locality structures) are produced depending on whether
we consider scaling limits of lattice spins or lattice fermions [ST78, BCF13]. The realization we
have chosen for this work reflects the geometric behavior of holonomies under composition of ref-
erence paths and lies as such at the heart of lattice gauge theory. The extension of the action of
the renormalization group to electric fields – necessary in the Hamiltonian formulation – follows
the MERA scheme [MO18] but can also be understood from a geometric perspective [ST16b]. In
one spatial dimension, this choice appears to be distinguished because directed paths (without
re-tracings) between two vertices in a lattice are unique, unless we allow for multiple loops in
the case of periodic boundary conditions. In two or more spatial dimensions, this uniqueness is
lost and there are various possibilities, see section 5.2 below. In higher dimensions, our present
choice can be visualized in the following way: A field operator at level N P N0 associated with
a holonomy along a path in a given lattice γN is identified with the field operator corresponding
to the same path in a lattice γN 1 at any level N
1 ą N . In contrast, field operators associated
with electric fields at level N are localized ever closer to the endpoints of their respective edges
by the renormalization group flow. Such behavior w.r.t. electric fields will require additional
care in higher dimensions as it will intuitively lead to pointlike fields (or rather germs) in the
scaling limit and, thus, will entail distributional expectations values. To what extend it is pos-
sible to avoid distributional limits by modifications of the realization of the renormalization
group will be investigated in future work. In view of the classical works by Ba laban [Ba l85] and
Federbush [Fed86] in the Euclidean framework, our formulation of the renormalization group is
conceptually very close to that of Federbush as we think of the elements of our inductive-limit
field algebras as compatible assignments of field operators along families of lattices. In contrast,
Ba laban implements an averaging procedure on gauge field configurations that corresponds to a
balanced division of a lattice holonomy at level N among all possible holonomies in a sublattice
at level N 1 ą N . Clearly, both points of view are equivalent in the sense of the duality between
states and field operators described in section 4.
Another matter, we plan to pursue in future work, is the relation between the formulation of
Wilson-Kadanoff renormalization discussed in section 4 and other operator-algebraic approaches
to scaling limits, notably [BV95, BV98] in the context of algebraic quantum field theory.
Concerning Jones’ actions of Thompson’s groups, which are unitarily implemented on the net of
local semi-continuum von-Neumann field algebras of YM1`1 in the representations induced by
the (homogeneous) heat-kernel states, potential connections with the Euclidean formulation and
its invariance under area preserving diffeomorphisms might be worth investigating. In relation
to the latter, we are planning to investigate generalizations of these actions to suitable replace-
ments of Thompson’s groups in higher dimension [Bri04, FN18]. We close with a discussion of
two generalized models involving the heat-kernel and dual-heat kernel states in an essential way.
CANONICAL QUANTIZATION OF YANG-MILLS THEORY 61
5.1. YM1`1 and the Op2q-quantum rotor model. In section 3.3, it is shown that heat-
kernel states and dual-heat kernel states are related to the strong- and weak-coupling limits of
the Kogut-Susskind Hamiltonian (3.16). In particular, we argue that the dual-heat kernel states
can be used to give meaning to the naively non-existent magnetic part of the Kogut-Susskind
Hamiltonian in 1+1 dimensions. Applying the Trotter-Kato product formula to the convolution-
kernel operators associated with the two types of states allows to introduce a model resembling
the full Kogut-Susskind Hamiltonian:
e
´H
pNq
βN ,g˜N “ strong lim
nÑ8
´`
λpρβN {nqMpρg˜Nn{βN q
˘b|EpγN q|¯n .(5.1)
It follows from the boundedness of the heat-kernel ρβ, β P Rą0, on G “ Up1q (or other compact
Lie groups or finite groups) and the Kato-Rellich theorem that (5.1) defines an essentially self-
adjoint Hamiltonian H
pNq
βN ,g˜N
on C8pA EpγN qq. For small relative coupling g˜N , the asymptotic
formula (3.51) shows that the Hamiltonian (up to an energy renormalization) corresponds to
that of the Op2q-quantum rotor model (in relative-angle coordinates between neighboring spins):
H
pNq
βN ,g˜N
“ βN
ÿ
ePEpγN q
´
´1
2
∆ϕe ´ 2g˜N cospϕeq
¯
,(5.2)
with ge “ eiϕe P Up1qe, e P EpγN q. The analysis of this model from the operator-algebraic
perspective described in this work will be interesting as it should posses a non-trivial (quantum)
phase transition of Kosterlitz-Thouless type [KT73, Sac11] and, thus, should share certain as-
pects, e.g. vortex condensation, with higher dimensional Yang-Mills theory. For a rigorous treat-
ment in the setting of 2-dimensional Euclidean quantum field theory, we refer to [FS81b, FS81a].
A closely related model is the principal chiral field in 1+1 dimension [MO18], where all vertices
v P V pγq of a given lattice γ P ΓD,L are collapsed onto one. In both models, the gauge symmetry
is reduced to a global G-action, i.e. the weak-coupling part of the state is only invariant under
constant elements of the gauge group G (for periodic boundary conditions). Although, it will
be interesting to analyze whether there exists a unitary action of a sufficiently regular subgroup
of G in the scaling limit as in the case of the dual heat-kernel state, see the end of section 3.4.
5.2. Yang-Mills theory in higher dimensions. Finally, let us comment on the construc-
tion of canonical states for Yang-Mills theory in higher dimensions, especially 2+1 dimension
(YM2`1), and how the expected difficulties in obtaining a scaling limit are reflected in our
operator-algebraic approach. Clearly, the ultimate goal is to study the family of full Kogut-
Susskind Hamiltonians tHpNqπ uNPN0 (see (3.16)) and the renormalization group flow of associ-
ated states (4.9), e.g. that of Gibbs states. Similar to the Op2q-quantum rotor model, we do
not expect that the renormalization group flow can be contained to a simple class of states,
but instead approximation methods, such as analogues of low and high temperature expansions
[Bor88, OHZ06], if we start with initial families of Gibbs states, will be essential. Nevertheless,
as we have seen from the simple case of the dual heat-kernel state for G “ Z2, not only choice of
the initial families of states is important for the study of the renormalization group flow but also
construction of the renormalization group tαN 1N uNăN 1PN0 . As argued above, the latter reflects
the choice of basic field operators we intend to evaluate a potential scaling limit ω
p8q
8 on in the
continuum.
5.2.1. Canonical states in 2+1 dimensions. Although, we cannot provide the construction of a
scaling limit starting from families of general Gibbs states of tHpNqπ uNPN0 in YM2`1, we are able
to show that the Gibbs states of the strong- and the weak-coupling limit admit scaling limits for
the choice of renormalization group tαNN 1 “ αγNγN1 uNăN 1PN0 introduced in section 2.2, equation
(2.16) and following, and used throughout section 3.
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Figure 11. Elementary (cofinal) refinement of a face f P F pγN q with boundary
Bp “ te4, e´13 , e´12 , e1u Ă EpγN q into intermediate faces p1 and p2 with boundaries
Bp1 “ te41, e´15 , e´121 , e1u and Bp2 “ te´142 , e´13 , e22, e5u. The associated holonomies
are: gp “ ge4g´1e3 g´1e2 ge1 , gp1 “ ge41g´1e5 g´1e21ge1 and gp2 “ g´1e42g´1e3 ge22ge5 .
Strong coupling limit. For compact groups G, the existence of scaling limits for Gibbs states of
the strong-coupling limits (3.20) of the family tHpNqπ uNPN0 follows in complete analogy with the
1+1 dimensional case, which is implicit in section 3.3.1. The key observation is that the level-N
Gibbs states,
1
ZpNqpβN q
λpρpNqβN q “ 1ZpNqpβN qe
´βNH
pNq
s “ bePEpγN q 1ZpβN peqq exp
´
´βN peqg2N
2aγN
∆Ge
¯
,(5.3)
factorize, which reduces the consistency to the 1+1 dimensional case for our choice of renormal-
ization group.
More generally, according to the statement on simple tensor product states in section 2.3.3,
specifically (2.47) and the preceding discussion, this observation will remain valid in any dimen-
sion d` 1 if we stick to our specific choice of renormalization group. In contrast, if we change
the form of the renormalization group this conclusion will not necessarily persist (see below).
Weak coupling limit. The existence of scaling limits for Gibbs states associated with the
weak-coupling (3.21) of the family tHpNqπ uNPN0 is slightly more involved but follows from the
well-known behavior of the Villain action (3.51) in Euclidean YM2 under refinements of two-
dimensional partitions, see [Fin91, Wit91, L03], also [ALM`97, Fle00] for a construction of the
Euclidean YM2 scaling limit in terms of the Wilson action.
To be more explicit about this, let us consider a single face or plaquette p P F pγN q of a lattice
γN and its elementary refinement tp1, p2u according to the procedure that leads to the next
lattice γN`1 in cofinal sequence, cp. remark 2.13 and see figure 11.
On the commutative part of the field algebra associated with p and tp1, p2u the dual heat-kernel
states take the explicit form:
ω
pBpq
βNppq
pMpfqq “
ż
GBp
˜
4ź
j“1
dgej
¸
ρβN ppqpgpqfpge4 , ge3 , ge2 , ge1q,(5.4)
ω
pBp1YBp2q
pβ1N pp1q,β
1
N pp2qq
pMpf 1qq “
ż
GBp1YBp2
˜
2ź
j“1
dge2j´1
2ź
k“1
dgep2jqi
¸
ρβ1N pp1q
pgp1qρβ1N pp2qpgp2q
ˆ f 1pge5 , ge42 , ge41 , ge3 , ge22 , ge21 , ge1q
where f P CbpGBpq, f 1 P CbpGBp1YBp2q, and Bp Ă Epγq denotes the set of boundary edges of
a plaquette p P F pγq. The renormalization group element facilitating the refinement Bp ĂL
Bp1 Y Bp2 is given by:
α
Bp
Bp1YBp2
pMpfqq “ λpςBpBp1YBp2pδ
bBp
1G
b fqq,(5.5)
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where
ς
Bp
Bp1YBp2
pδbBp1G b fqphe5 , ge5 ; ...;he1 , ge1q “ δ
bBp1YBp2
1G
phe5 , ..., he1qfpge41g´1e42 , ge3 , ge21g´1e22 , ge1q.
(5.6)
Now, the expression for ω
pBp1YBp2q
pβ1N pp1q,β
1
N pp2qq
pαBpBp1YBp2pMpfqqq can be partially evaluated because we
can perform the group integral over the shared boundary edge e5 “ Bp1 X Bp2 by using the
heat-kernel convolution identity:
ż
Ge5
dge5ρβ1N pp1q
pge41g´1e5 g´1e21ge1qρβ1N pp2qpg
´1
e42g
´1
e3 ge22ge5q “ ρβ1N pp1q`β1N pp2qpg
´1
e42g
´1
e3 ge22g
´1
e21ge1ge41q
(5.7)
“ ρβ1N pp1q`β1N pp2qpge41g
´1
e42
g´1e3 ge22g
´1
e21
ge1q.
Combining equations (5.6) and (5.7) we find the renormalization group equation:
ω
pBp1YBp2q
pβ1N pp1q,β
1
N pp2qq
pαBpBp1YBp2pMpfqqq “ ω
pBpq
β1N pp1q`β
1
N pp2q
pMpfqq.(5.8)
This implies that we have non-trivial scaling limits whenever βN ppq „ β0Ap scales asymptotically
(N ąą 0) like the area Ap of the plaquette p, cp. the discussion of equations (4.19) and (4.20).
As for the dual heat-kernel state in 1+1 dimensions, a weak-coupling limit Gibbs state ω
pNq
βN
has
a simple extension to BpL2pA EpγN qqq for discrete groups G. In terms of convolution kernels this
extension is given by:
F
pNq
βN
ph, gq “ δbEpγN q1G phq
ź
pPF pγN q
ρaγN g2N
βN
pgpq, ph, gq P ΠEpγN q.(5.9)
The renormalization group equation (5.8) is not affected by this extension. A main difference to
the dual heat-kernel state in 1+1 dimensions is the gauge invariance of (5.4) and (5.9), i.e. in-
variance under the action ατ : G ñ AD,L. For compact but non-discrete G, we cannot say
anything explicit about extensions to the field algebras BpL2pA EpγN qqq, N P N0, at this point.
But, it would clearly be interesting to understand if there were suitable Cameron-Martin spaces
associated with the measures on A induced by the scaling limits of the weak-coupling limits.
Such Cameron-Martin space could act a replacements of the field momenta G.
Other choices of the renormalization group. If we choose a different realization of the renor-
malization group tαNN 1 “ αγNγN1 uNăN 1PN0 , for example, by changing the disentanglers tUNuNPN0 ,
see (4.12) and (3.54) to (3.57), the consistency of the strong- and weak-coupling scaling limits
can be easily broken. For example, the disentangler (or rather its equivalence class according to
(4.13)) defined in [MO18] for G “ Up1q, SUp2q leads to non-trivial coherence conditions (2.26)
for the inhomogeneous heat-kernel states and entails the invalidity of almost all homogeneous
heat-kernel states. Only the strong-coupling vacuum, ω8,D,L, is consistent for this class of dis-
entangler because there is a choice of representative in the latter that leaves the restriction of
the strong coupling vacuum to a finite level N P N0 invariant. For the elementary refinement of
a plaquette p into plaquettes p1, p2, see figure 11, this disentangler, U
Bp
Bp1YBp2
, is defined by:
pUBpBp1YBp2ψqpge5 , ..., ge1q “ ψp
b
g´1p pv5qg´1e42g´1e3 ge22ge5 , ge42 , ge41g´1e42 , ge3 , ge22 , ge21g´1e22 , ge1q,
(5.10)
where ψ P CpGBpˆGtv5,v42,v22uq transforming in under the conjugate action of G at the vertices
tv22, v42, v5u, and gppv5q “ g´1e42g´1e3 ge22g´1e21ge1ge41 is the holonomy around p starting v5.?
. : V Ă GÑ G,(5.11)
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is a smooth, α- and inversion-equivariant square root defined via the exponential map expG :
U Ă g Ñ V Ă G on a maximal open pair of invertibility domains pU, V q [Rie90], i.e. ?g “
expGp12 exp´1G pgqq for g P U , see also [Lan98, ST16a] where the square-root construction is
discussed in the context of Weyl quantization and pseudo-differential calculus on compact Lie
groups G. For G “ Up1q, SUp2q the maximal invertibility domain is Gzt´1Gu which implies
that (5.10) is defined almost everywhere w.r.t. the Haar measure and, therefore, by translation
invariance of the latter, defines a unitary,
U
Bp
Bp1YBp2
: L2pGBp ˆGtv5,v42,v22uq Ñ L2pGBp1YBp2q.(5.12)
It is evident that (5.10) preserves the strong-coupling vacuum:
U
Bp
Bp1YBp2
1Bp1Ytv5,v42,v22u “ 1Bp1YBp2 ,(5.13)
where is 1BpYtv5,v42,v22u P L2pGBp ˆ Gtv5,v42,v22uq and 1Bp1YBp2 P L2pGBp1YBp2q are the respective
constant unit functions. Looking at the action of the renormalization group element associated
with UBpBp1YBp2 on a pure convolution operator, we find:
pAd
U
Bp
Bp1YBp2
pλpF qb1tv5,v42,v22uqφqpge5 , ge42 , ge41 , ge3 , ge22 , ge21 , ge1q
(5.14)
“
ż
GBp
˜
2ź
j“1
dhe2j´1dhep2jq1
¸
F phe41 , he3 , he21 , he1q
ˆ φpg´1e22h´1e3 ge3ge42
b
g´1e41he41g
´1
e1 he1h
´1
e21ge21g
´1
e22h
´1
e3 ge3ge42
b
g´1p pv5qg´1e42g´1e3 g´1e22ge5 , ...
...ge42 , h
´1
e41
ge41g
´1
e42
, h´1e3 , ge22 , h
´1
e21
ge21g
´1
e22
, h´1e1 ge1q,
where φ P C8pGBp1YBp2q and F P C´8pGBpq (the distributional dual with suitable restrictions
on its singular support). For a basic field momentum at the edge e1, i.e. F phe4 , he3 , he2 , he1q “
δb31G phe4 , he3 , he2qδhphe1q, we find:
pAd
U
Bp
Bp1YBp2
pλpF qb1tv5,v42,v22uqφqpge5 , ..., ge1q “ φpαg´1e21p
b
h´1gppB`e1q
b
g´1p pB`eqqge5 , ..., h´1ge1q.
(5.15)
This expression for the action of the renormalization group elements based on the proposal in
[MO18] makes explicit its non-trivial implications for the coherence conditions on the heat-kernel
states.
Further complications introduced by a disentangler like (5.10) are implied by the observation
that it does not restrict to a map between spaces of smooth functions, based on C8c pGq or
C8pGq, unless the exponential map is bijective.
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